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ABS TRACT

The laminar-turbulent transition in a cylindrical jet

of water was found,experimentally,to occur at a Aeynoldsi

number between 10 and 11. The transition tteynolds' number

was not affected by a change in the jet diameter within a

factor of three and a change in viscosity of 25yo.
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I TCDUCT I

The hydrodynamic stability of two diimensionbl jets in a visc;us

incompressible fluid has been the object of much theoeticz.l discussion.

The majority of papers in connection with this problem deal -ith

various ingenious and complicated mathematical methods for the solution

of the Orr-Sommerfeld stability equation.

The solutions are not always based on firii physical grounds and in

general have to sacrifice physical relavence for mathematical simplicity.

For instance a coiamon assumption is that the flow does not diverge with

distance from the jet origin. The actual jet, according to Bickley

however spreads oUt as a 2/3 power of this distnrce.

With this parallel jet assurptiC: and the additional ores of

infiLite boundaries, ard a certain velocity distribution across the jet,

an approximate solution has 1eer derived by racy autho-s. The neutral

stability curve is generally apreed to he "C" shaped on a wave numl.er

vs. Reynolds number plot and the minrimun critical Reynolds number is found

to e between 4 ard '.5 crd occur at a wave numbor of about .2. The

most recent derivation being by L. N. Howard.

While such curves have no exact physicl 1 correspondence, it is

probably true that they approximate the result to be obt iied by ex ril-ent.

As it happens, there is very little experimertal data available in

correctior with tlis pro'lem ,rd consequently not mruch is really known abeut

the applicalbility of the theory. The thesis undertaken here is an attempt

to fill scme of this void of experi ejtal data.



TiIEGRETICJLL BASIS

The theoritical calculation for the reutrtl st&.ility curve of a

cyliIdrically symmetrical free jet iP e viscous incompressiblne fluid can be

derrived as follows.

The method here is the one developed Ly Kowa.rd although, as stated

privously, other a;proaches give about the same results.

If oye neglects the nor-linear terms in the Navier-Stokes equation

are irtrodices Squire's perturbation function one 2 ets the followixrg

fourth order differertial euatier, Lrovr ts tte Orr-Soimmerfeld equation.

K- have i uaTber of i st. bi.i ty

S- Complex wave speed

y - Dimensionless disttnce perp edicular tz ihe stre' mn

- The y- depOendence of the complex pe' t-cr ation strer7. function

Squire's perturbation function is given as (Al 42 C^)

At this poi.t it c. !e seel tlt y t. hi g jst the 1O-viscous

ecua tior ursetti'g i=O ore frets ti-o 1i 1tir.; sotio:rs.

bR - = w-y,C, S 1z U4,..

0 C = 04 A-j

This seemis to J dic t a "C" shi ped curve o- the ou.A plot. howard

poi-ts out thlt further analysis is necessary to clarify what is meant

when , C) adRO4as the combination od\is important in the ori-ircl' equation.

The qualitative observation Ubout the ueutrJ stcbilit-y (urve is born out,

however by the finAI theoretical results.

hoiward at this poirt expands a 9 i&tegral rquxti o derived fr: the

Orr-Sorurerfeld e quatior i powe s of ( ad slves rily on the IBM

704 Computer.TkAtsui and Kakutani ex- rd the :cu reld ecuatior

in powers of N'or>l\ rnd i povers ofM r A s l Curle just neglects

the fr;urth ordclcr terr", which has ver y douht4ul hyrsica1 validity, but -ives

about the same result &s the other methods.

The neutral stability curve looks like this:
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Ioward' s fifI e u rtiov is:

CK - A

T$4 C~s

'3

This est llishes~ the uina ur. Reyno I.s ru r elow dQi I ro P ~irites-

simal disturbances can grow v L R .

This aeynolds number is ixtscdl 0" the meL.Y velocity of the jet, the

diacte of the nozzle and t-c 2luid -r r es o, 'U.

R - V0 AC. A er

There is a report I ,:o, of cp e f-)oo re: sy'vii Stte Uriversity

that cites a differen:t value fo- th is itica1 Peynolds number i L 2-dirmer-

siontl laminar jet. By use of the !7lerki e7hod, 1Ai3 use of oily

a si: le tem a, oxination, the cPrve derived is as fol lows.

CK .

45S G 7 a to 3
nO'her, e~trsi esul J. --IS r s t :ara 7i im: Rey--

nri.ebr calculation due to Fai. y rse of relativity simle al-ebraic

arfumerts, Pai finds the condition represented by the dotted Ii-e i ' he

aIove grcah as the minimun Reynolds ruhber for instability.

3

.......



4

EXPETI4TNTAL BACKGRGUUI

}row, Savic, Und Andrude did some research o- jets with free boundaries

in England arou-, d 1939 and some work has beez done in Ger;arny by Wille ard

his associates around 1951. No other experimzental data or full jets with free

boundaries was found by the author.

Brown it his experiments made some measurments oi the velocity profile

of the free jet and described how the disturbarce wave number varies as u

furction of distarce from the ozzle. Savic has taken some of 7rowrts

pictures and developed a new way of deducirg the frequency data . Wille ard

his associates have mainly beer interested in describirg how the vortices pro-

duced in the unstable jet decay ard what the ef-Fect af is of superimposed dis-

turbanices. The origiral -rk of Wille where he is reorted to have taken

movies of water jets was unavailable to the author.

Andrade's experiments co;:e closest to the experiments ir this thesis.

In 1939 Andrade made some observations with a th-ir long slit. hle mtade exten-

sive mesure-ents of velocity profiless a function of disti ce fron the

orifice aAd &nrbek t~ &c. y cl isturbances c-ualitatively. Ardride, however, prsses

over tbe problem o' ii iuu critical Reynolds number ard anarently used

only one slit width if his work.

A diagran of his anarat, is as 2ollows.

Coscle jgc g

Andrade reports o0servi . ist r acSs t ris jet tiO7AL to a Reyolds

numiber of 10.



)CPERIMNITAL APPARATUS

There are three things that have to be measured in deter-

mining the minimum qeynolds for instability of the water jet

These are the volume flow rate, the diameter of the nozzle

exit section, and the temperature of the water.

The apparatus has to be designed so as to make visual

observation ot the water jet possible and to maintain a con-

stant tKeynolds number for a sufficiently long time to make

the necessary measurements for determining the fteynolds

number.

An idealized representation of the apparatus is given

below.T

R &set .4 0*% r,

C ot %4 wt

'Str ew

The essential part of this apparatus is the movable plat-

form on which the reservoir sits. This platform can be

raised and lowered by an electric motor and the motion of

M c4 this platform is measured by a counter geared

to the shaft on which the platform rides. The shaft is ac-



tually a finely machined constant pitch screw which enables

the counter to read to thousandths of an inch. To stabal-

ize the platform there is a heavy post that runs from the

base of the apparatus and which is connected to the platform

by a sliding fitting. This whole piece of apparatus is re-

markably sturdy and it is quite true that if the mechanism

would have to have been built for this experiment, an easier

answer would have been available. ivor instance a Uaselle

gauge like the one used by kndrade could have been used.

The flow out of the reservoir is measured by finding

the drop in reservoir height over a period of time. This

is done by having a fixed sharp-ended metal arm which is

attached to the base of the platform and the sharp end of

which is made to just touch the surface of the water in the

reservoir,each time a flow rate measurement is taken. Time

is measured with an electric wall clock. The surface area

of the water in the reservoir was determined by weighing the

water corresponding to a certain drop in reservoir height

and looking up the absolute density of the water at the mea-

sured temperature of the water.

The diameter of the nozzles is measured with an optical

conparator. The optical comparator that was used was built

by dones and hansom and magnified the nozzle section by a

factor of 62.5. The construction of the comparator is simple

and consists of just a set of lenses, a mirror, and a light

source. The image of the object is projected on a screen

for the necessary measurements. The focus of the comparator
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is fairly sharp and very little error is involved in the use

of this instrument.

The thermometer used to measure reservoir and settling

tank temperatures is calibrated in degrees of centigrade.

The liquid that was observed is water to which a small

amount of NaUH and phenolthalin disolved in alcohol is added.

The color of this mixture is a deep red. As the settling

tank contained just water, the jet of red liquid is clearly

visible.

The reservoir is a glass jar with a capacity of about

two liters and the receiving tank is a pyrex two liter beaker.

The tubing from the reservoir to the nozzle is made of

transparent plastic and has an inside diameter of about 7mm.

The nozzles are drawn from 7mm. glass tubing. The glass

tubing was heated in a gas torch and drawn to various in-

side diameters. Typically the nozzles appear as follows.

They have approximately constant diameter section at the

fine end which extends for over an inch.

- oo?" I
7!7 .==E~

The nozzle tips were ground square by hand before the

nozzles were used.
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EPE IIE. AL PIROCE- U ;E

The steps necessary for messuring the Reynolds number that corrcsponds

to.a ouzlita-ive observation of the jet behavior were as follIws. Y. flow

was induced in the nozzle by raisinr the platform to a height so that tle

reservoir level is higher than tank level. The reservoir is then pumped up

to a pressure sufficient to start a flow throudh the nozzle. The reservoir

is then broucht back to atmospheric pressure and the platfor-rn moved to a

position where one observes the desired type of flow in the jet. The sharp

ended arm, which is adjustable between runs, is then bent so that it just

touches the water lire. A slight omovement of the platform wms frequently

necessary to obtain this correspondence. At the instant when the arm touches

the water line the time is recorded. 17ith the ran-e of nozzle sizes used,

the water line of the reservoir would drop about .040 inches in an hour

for the Reynolds nu bers of interest. As the Kifferce between reservoir

and tank levels was usually about two inches, the second observatior uEs

taken approximately a half hour later and it was as'umed that the Ileynolds

number had rot changed in this time. The second observation consists of rais-

ing the platform until the reservoir water line is again just in contact

with the arm ard recording the tiue when this occurrs. The tercperature of the

liquid was usually measured after taking each data poirt.

The above procedure, with the exception of initiating the flow, has to

be repeated for each observation of the jet behavior where tle Reyrolds'

number is desired. For the same nozzle, it was fourd desirable to mea;sure a

point where the jet was laminar throughout all its range where it .as tur-

bulent without a doubt, where one could just see turbulence, End where

induced oscillations I(uld rot die out very quickly.

After sufficient information is thus collected to bracket the Reynolds

number of neutr l stability, the end of the rozzle is broker off and put

into the optical c nparator. The nozzle is looked at on end and the exit

plane put into focus. This enables the nozzle cross-sectiot geometry to be

determined and at the same ti e measurmerts to Le rade of the nozzle diameter.
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DISCUSSION 2F RESULTS

Before a discussion of the minimum Reynolds number for 17 stability

is undertaker, it s necessary that the ouclitative observations of the

jet o which the decision was nade, as to whether the jet is or is not stable,

be understood.

If the jet be first observed at a fairly high Reynolds number, of about

fourty, and the Reynolds number decreased to where it was arou.d five, the

following changes would be observed to occur in the jet. At the beginning

the jet would be regular for the first eortion 1,>ut as it would increase in

diameter and slow dowr it would break into a ripple which could be described

as a series of ring vortices. As the Reynolds number was decreased by decrea-

sing the head of water between the reservoir and the tank, one would observe

the distance between the nozzle exit plare and where the flow breaks into the

ripple, to decrease. Iirally, the jet would be smooth for its whole length

except for an intermittent little ripple at the edge of the jet, very close

td the nozzle which would grow and then disap-ear again. The jet would be

described here as very slightly turbulent. As the Reynolds number is decreased

ever further no self excited disturbarces could be observed. Oscillations

were superimposed on the jet at this step by sli-thtly jarrinc- the avzpratus.

If the oscillations were rot observed to darm out rapidly, it was judged that

the jet was almost not laminar, when this Reynolds number was decreased even

more a-d when induced oscillations were damped out almost inrediately the jet

was said to be definately lanar.

The meEsurments for these qualitative observatiors were made a: it was

found that for a range of nozzle diAmeters between 5.2 to 18 thousanths 01 an

inch and liquid temperatures from 13 C to 30 C transition between slightly

tur- ulent ard almost not laminar occurred at a Peyrolds number between 11

and 10. This is coctrasted wit> theoretical predictions for this transissior

for a Reynolds number of 4.
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There avre tLree possibilities t-wt 1ould Lo4tri ute to this discrepa cy

that a pear irr:ediately. First, the flow does not remain paral Je upon

leaving the nozzle cs assumed in the theory. Seco-nd, there is a change

from a Poiseuille velocity distribution to the law assumed -in the

theory which mcy "ose problems close to the nozzle. Expnerirmenttl data

taken at higher Reynolds number by Andrade and Brown does rot however

suggest this. Third, there was no way of accuiring an un-derstanding of

what the growth rate and wave number of the oscillation predicted 7-y the

theory at Reynolds number of about 10 meant in physical terms. For instance,

the growth rate of a disturbance could be so slow that nothing observable

would happen before the Reynolds number in the flow would be down to four due

to the spreading out of the flow.

The real reason is probably a combina tion of there effects. What

must be stressed is, however, that the answer given by theory would n-ot be

predicted in the first place. Tatsumi in his paper for instance calculated

that the component of velocity perpendicular to the streem is half stream

valvueat a Reynolds number of four. This of course invalidates any parallel

flow assumptions. Finally, the inflectior. point in the velocity profile

of a cylindrical jet on which instability is really dependent is not a

true inflection point.

In view of these difficulties it is hard to place any sirgrificarce

to the good agreement between the results obtained in: the experiments

and the curve derived ii the Pennsylvania State University repot mentioned

in the discussion on theory. A real comparison of experiment with theory

would recuire a simultaneous measurment of the wave number of the distur-

bance and the Reynolds number of the jet when the jet is very slightly

turbulent. An attempt to do just this i-s made but was unrsuccessful.

One method that tas ried was to sincronize the disturbarce frecuency with

a strobe liht frequency. This failed bectuse the disturb-,ce was inter-

mittent and very hard to see. Another method thLt was tried ias to take

pictures of the jet. A polaroid ccmera with portrait'lenseifs available

but had insuf'icient resolution to separate the disturbance from the -,ain

jet.



TTe situutio, is, loi%-ever, iot ho-eless. The dis-urbaices cr visir ee

with the ntked eye and rough estimates can be made of wave length. An

o' oC .5 was estimated at one point by taking the disturbance propagation

speed a s the mean speed of the flow and making an estimate of the wave

length of the disturbance from visual observation of the jet. To be sure

this could be off by more than a fractor of two, ad such observations

are far from useful in trying to differentilte 1etveen an c of .1 corres-

pondirg to the mitimun Reynolds number in the Pennsylvania State University

report and the corresponding c( of about .2 derived by Howard, Curle, and

Tatsumi.

A su~gested method for measurinig the disturbance wave nuriber is to

focus two precision ccmeras o.: the jet and trip them with a pre-determined

time delay. If some reference length is included iP the pictures, this

would be all that is necessary to measure X

While a- N vs. R minimun for irstability, Jot, Cetrrined enperimentally;

would be the best comparison with theoreticzl results. It is sirgnificl-rt

in itself that the minimun Reynolds number does not vary with either the

diameter of the rozzle or the viscosity of the Mluid. This becrs out the

assumption that only the Reynolds number is the sig ificart quaitity ir this

stability problem.

Before a final conctsion about the experimertal results ca: be made,

a carefiu cralysis of possible errors has to e undertaken. The biggest

possible source of error in the results is the uncertainty involved ir the

flow rate measurment. A consistevt method of raisirg the plctform until

the sharp ended arm touched the reservoir svrface was very difiicult. As

one would expect, the fluid would jump the gap between the arm and the

reservoir surface. This is not serious in itself as no error is ji troduced

if the reservoir surface is always calm and the water jumps the gap from the

same distanca. Disturbances in the laboratory, Kue to people walking would

however, cause ripples on the water which would chlnvge the gap over which

the water would jump. The error introduced in this way was as great as two

thousanths of an inch. The percent error in the Reynolds number of course

depends on how many thousanths of c- inch the reservoir level had changed.
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The tire me0surcent 7etweer two daC oinws wc.ld e ;j i1 error . r

thc3 e mirute. This would not affect the Reynolds number by more thar 3%.

The orly significant error in measuring the nozzle exit diameter occurred in

cases where the nozzle was not perfectly circular. An eouivalert circulvr

rozzle section was ctermined ir such cases by measurirg the major and minor

axis of the elliptic shape and interpolating. As the major axis and minor

axis never differed by more then 10f of the major axis the error thus in-

curred affected the Reynolds number Ty less than 2c. The temperature measur-

ments caused less than 14 error ii. the results as for as the mechanics of

measuring with a thermometer is corcerred. The real problem was that the
reservoir and tank would be at differert temperatures in certain days. This

temp-erature difference was sometimes Es much as 1.5 C. aid amounts to a 31
change in the viscosity of water. Whenever such a discrear:.cy occurred,

the reservoir temperature was used.

A defirately second order effect we the chice i hyrolds rumber caused

by the decrease in the head of water between the reservoir ad tark, due

to the flow through the nozzle. Only in tubes with large diameters of about

17/1000 of an inch and at low R"eynolds number would this e noticeable.

In such cases the change was observed to 7.e from a Reynolds number of 11 to

ore of 101 ir a hour. AI the tul es got smller the error goes dow'- as Lhe

square of the diameter.

Adding all the possible errors it can be seer that the mirimun Reynolds

number could be off by about 10%. This is certainly not true if all the

data points are concidered. The most probable minimun Reynolds number

for instability car Ije said to be within 5% of a Reynolds number of 10.5.



CO- CLUiICS C . S REzULTS

The experiments performed in connectior with this th6sis showed thwt

there is a Reyaolds number above which a jet of incopressible viscous

fluid is always turbulent and a Reynolds number below which no self-excited

disturbances in the jet can be seer. The trarsitior was found to occur at

a Reynolds's number between 10 and 11 withiy al uncertainty of 55f.

The transition was not affected by large changes iP nozzle diameter

or small cha -ges in the geometry of the nozzle exit section. The trL sitin

also was not affected . a ra:ge of temperatures from 13'C to 3* C0.

The jet -cas observed to diverge upo) leaving the nozzle. The diverg-

ence appeared greater at smaller Reynolds' numbe: s and reached a slope of

about 30 at around a Reynolds' number of 6.

The turbulence at Reynoldsanunbers of about 30 would be observed as

a set of ring vortices sud enly forming from a smooth set at about a half

inch from the nozzle exit. As the RIeynolds' number would The lowered the

half inch distance would be reduced until just a small ripple could be ob-

served at the very edge of tie jet rear ti- _-ozzle, ,t 1bort a heyrolds'

rumver of 11.5.

While t e exporimevtally determi;ed minimuEI Reynolds'number for in-

stability does not agree with th.e theoretical value, this discrepancy is

nrt serious. The fact that the theory iPcludes very slowly growing distur-

bances acd that the theoretical calculations are based on a parallel flow

assumption, world tend to predict a lower value than one wuld observe.

The experiments car thus be said to bear out the results of Howard, Tatsmi,

and Curle rather than the curve derived Ihy Lew and Farucc in t e Perrsyl-

varia State University report.
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