AN INVESTIGATION OF THE FEASIBILITY

OF A METHOD OF OBTAINING DATA
FROM WHICH

THE STABILITY DERIVATIVES Cm_.‘AND Cm%,

CAN BE SEPARATED

by
DAVID ARTHUR CLUNIES
- and

2
H, WILLIAM STILES, JR. 5§

Submltted in Partial Fulfillment
of the Requirements for the
Degree of Bachelor of Science

at the .
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
. June, 1957

Signature of Authors

Depertment of Aeronauticdl Engineering
May 20, 1957

Certified by

S e VeiWwre oo de o e s eTorssescsccnnsceasnsned

Thesis Supervisor

Accepted by

.l......'..’.l.l.......l.....I......‘.l

Chairman, Departmental Commlittee on Theses



TABLE OF CONTENTS

Section

Notation
Summary
Introduction
Proceedure

A, Responses
1.  Step
2. Pulse
B. Equations for separation
1. Derivative Method
a, Gauss Separation
b. Results-Table IV .
¢. Discussion of Error
d. Conclusion
2. Shinbrot Method
a. Results
* b, Discussion of Error
C, Conclusion :

Bibllography
Figure I - Plot - for step
Figuré'IIA Plot | for pulse

Tabie T - Step response values

‘Table II =~ Pulse response values
Table ITI - Sample of Derivative Surmation Procedure
Table V' - Shinbrot Intergrating Factors.

Table VI -~ Shinbrot Step Response Summations

‘Table VII Shinbrot Pulse Response Summations

Teble VIII- Shinbrot Combination Summations
Appendix A

11
12
1&
15
17
20
21
22

23

25
26
27

29
30
31
32
33



¥
[
]
p
i
i

NOTATION

- Ahgie of attack

.« Angle between the flight path and
“the horizontai

»Angie of the éléﬁatbr, measured
ffbﬁ;theﬂnéﬁtfal'poéitidn o
. Mass of the Aircraft
Fo?ﬁard vélocity
"~ Time Constent ef’tﬁe systém}
ﬁegn Aerodynamicwchord'of”ﬂhe’ﬁiﬁg
. Moment abqut-the;oeﬁter.of_gravity

Force in Z dfféctian of the standard

" right handed coordinate system

Pltching moment coefficient

Z force coefficient

DERIVATIVE NOTATION:

4ANQ
DOT NOTATION:

A=

Cm

'l

A
T
A
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'SUMMARY

This paper is an investigution of a proposed meuhod

O e S A

gE

for obtaining fliuht data from which the stability o
g derivaulves Cm‘(and CM%, can be sepe.rated. The investi':ation
covers the use of a rocket pulse, in the longitudinal mode,
in conjunction with a step elevator input." Data resul ing
~from this type of excitation was used in sttempting the |
| sepaistion. The pitching monent deriv tives were extracted
for three difierent forcing funcbion elevator alone, pulse."
alone, and the combination of elevator and pulse. ’Responses
- were determined analytically by LuPlace transferms, using |
é known constents. Suffidient test polnts were determined to
| assure an accurate representation of the response and thése
test polnts were used 1n the separative procedure, The
Derivative Method and Shinbrot Method were used‘tu‘obtain
| ' the: equations to be solved. The equations were reduced in
number'by the Least Squsres procedure, and the coefficients
were determined by the Gauss Method. No adequate sensration
was ach*eved but trends Were established which would |
indlcate thnt separation may be possible with future

refinement of meuhod.
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INTRODUCTION

The separation of stabillity derivatives from response
data has been taken up in detail by Klein and Sedney. 1.
This paper will make use of the three conditions which they
consider necessary for separation:
1. A fortunate choice of time increments‘is made,
2. The order of the true characteristic equation
i1s equal to the order of the assumed |
characteristic equation.
3. Initial conditions are such that 211 modes

are exclted in the motion.

In pufely longitudinal responses, caused by elevator
disturbance, it is impossible to extract all the moment
derlvatives, Due to the linear dependence of the system,'
two of the derivatives can not be determined. 2. They are

linearly dependent according to the 1ift equation:

Co o0+ MUeet) + Cuy(2) ~(3)M U
Therefore, the simultaneous equations formed to determine
the moment derivatives cannot be solved uniguely for the
unkgwns unless the value of one of>them is known from other
sources; |

The sum of Cn\‘;‘ and Cm‘& as separated agrees with the

sum of the true values. This indeterminancy only preveats

1 .Klein and aedney, Journal of Aeronautical Sciences

‘2. TN 2340
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Vthe separation of the derivatives Cm’-‘ and Cm%because they

are of the samevorder of magnitude.
Taking these factors into account, the following procedure
was used, A,linear system was assumed, allowing two degrees
of freedom. The forward velocity was to remé;ﬁ constant
during the eiéitation of the system, to allow the order of
the equations of motion to be reduced, The flighﬁ path was
level initially., The rocket pulse was applied at the center
of gravity of the aircraft produclng & Z force, but no moment

about the center of gravity.




PROCEDURE

Responses

The longitudinel equations of motion used are as follows:

Z Force
=&+ Yo+ .4+6=2;—c =2
Moment ( / ( / T(“ +°<7) z ﬁ'fi

-
& = ycm,(cx)+v,(2“)cm,‘c¢)+ ouCmé(e)+ Gm (%)t T,

In this presentation o end 0e are total angles, not
inecrements., If o and JE are Incrementel changes from trim,

these equations becone:

X =6+ f’vccec)f- ) + =t

o= ‘{,Cm (.¢)+ (,_.,JCm,‘(-ch- ( )Cme(e)+JCm,;(?e) %‘,’

To obtaln the fesnonses, representwtive coqstuntu for an
circraft were obtained and apnlled to the eauutions. These

Tigures are not neeessarlly for any one model,

—C_.b ‘ N . ~ B s . .
y(z5)Cmg = -.473 53_9 = los3
Z. . = .5.511

e -.863 | \9 Cm),




Substituting these values and placlng in LaPlace form,

the equations become:

(p +.863)a¢=(p) 6 = (.053)d% —{Z%—

- | 5 M,
(.107 p t2.6)a¢ + (% +.4730) 6 = (5.511)P + 2
| | | : v

From thls form, the equations are solved for ol and @

- by use of determinants.

I. For Elevator Input

o< Deterninant: .
| 0537 -p
L ssud  (PPra13p)
~ = ' ‘
progés  —p
Klo7f+2-6) | (P"" ~"/73F) |

‘o< Determinant Expanded:

o? — (053p)3 + (553004))
P’--f- 1.443.( + 3.00p/99

S1x place accuraey is introduced here to 1n¢%ure acecuracy

In later work, as will become apparent, Such accuracy would

not be attainasble in the real case, however,



@ Determinant: (p+.9¢3) 053 &
) _ |Cmetae) s sy2
(f+.?¢3) | -p
(1670 +2.6) p(pt.4723)

Q Determinant Expanded:

5 = (£505929p)0 + 4.610/93 J
p(P>+ 443 pt 3.00P157)

A unit step, d= JP' was applied, giving:

2053 + __5.536069

ol = —
 p 4 1.443p + 3,008199 p(p® +1.443 + 3,008199)
5 = __ 5.505329 . 4.618193
p(p24+1.443p + 3.008199) p? (p2 + 1.443p +3.008199)

This 1s a standard form for which the following solution
is obtained., l- w«' = I73‘14IG F=.415990

3 5.536067
X(£) = - oapres r"j" e fn(wu*ﬁ:_ fﬂ+3 aoPI?‘I[/

V..--; fzm(wm =Pt + ‘ﬂ)]
Where £ = f Wa Y=Tans _.V/_-f
o~ ~J

O&) = L) + = S(WalTFo € + )] + 44101 ¢

3.008/99

L e |
— .f‘;:,’ + m St +%)] bh=2¥

1. Uixon, Erinciples of Awtomatic Control




‘Through the use of a zero check:
Y,
Yy

These expressions are evaluated for a 2 magnitude of

~ 1.999827 radians

- 3.999655 radisns

.1 radians, See Figure I (page 24) and Table I (pagp‘26),

These expressions are now differentiated with respect
to time and similerly e valuated and tabulated, In order
to gain an accurate plcture of the responses, the expressions
were evaluated at one/tenth second 1ntervais. The ©
expression was differentiated twice to obtain the G ex tpression,
}and this was tabulated for use 1n the separation,

In order that this evaluation be commensurate with the
6-place accuracy of the rest of the work, it was necessary}
‘to interpolate in the sine, cosine, and exponential tebles,as
6-place tables for these functions are not available. The
tebles interpolated are stated in the bibliography.

The Interpolation was accompiished by the use of the
Taylor Series Expansion, |

The expansions were performed as follows:

- Exponential

‘F<xo“'l\) = ['FCXO) + A ‘PCXO) + A: /""':a) * o,

‘F})‘)" e )‘)‘ -p()(o).:' e-
Foo=-e™  £(x)s fe‘
'F'ix)”‘f-'x F'xe)=e"

X= Xo+k.. ExameLeE : X'?.Hl’lll
‘ . Xo ='ol|“
_%eth - Xe A A ' h =.o00e0ll

c :e /—/./*3.":/"'



Sine

Foo =X e Sa e
0
J?ng) = -Jnx

Cos X -FEKO) = Cos Xo
‘F”O%) = —§iv Xo

-FCxo-i-k) = §in(Koth) = J‘w ‘x.j_'/.,c /1,(1-.7)(5,

A'L
——_:_ * . a

Cosine (Similar to Sine)

o | __ A Tﬁ Xo
Cos(Xe+hH = Cos x"f/ /‘7

II.'For Rockét Pulse Input

JggL;@te;ginant: . A
+ Zp/MWU —f
_ t Me/T, plp+.473)
< = »
(p+.2e3) -P
K /b7p r2.6)  plpr473)

Determinant anded:
(Consider pulse epplied at center of gravity of the
~alreraft. M, =0) - '

=iz'p/MU (p+.473)
P2+ 1.443p + 3.008199

ﬁw_zﬁlm) £ 2Zp/mal
é__ _ (.:o?k+2-‘)' t Mp/Ty
(pt Pe3) P
(\,)a-;,oﬂ-(—) | F(N.ws)
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© Determinant Expanded:

5 = _-(lorpt2.6)( Zp/W)
p(p°+1.443p + 3.008199)

Appiy a‘unit pulse in t_he negetive Z direction. Since
the dure.tion of the pulse is to be two seconds, iﬁ nay vbe
consldered analagous to a step,over this time Interval, Taking
'the Inverse LaPlace Transf‘orm- as before, the expresclons fbr

o4 and © as functions of time are:
X(t) = 557 v-ﬁ'r \g’“ (wn V75 Vi t)]~3; oo:m[ /

+ﬁ &7~Cw~ﬁ'—?*’f+¢)_7

— 197
o) = 3.008/ ‘H
-ﬁ v

sl [’4‘ ST + o S (et Pt +4]]

™, W, £ ¥ P as For sTee

These functions were evaluated and plotted for a pulse
of six thousand pounds. (See Figure II on page 25 ai;d Teble IT
on page 27 .) The derivatives were also taken and evéluated.
The responses were computed at one/tenth second intervels.

The results were checked for accuracy in two weys. First,
the Initial Value Theorem v‘rasb applied and secondly, the responses -
were obtained from a computer., In 2ll cases, the accurzcy was
correct to at least the fifth-place decimal,

A rocket thrust of six thousand pounds, applied at the
center of gravity, was used f':or' thé pulse recsponse, This was

found to be easily practicable with solid propellant or liquid




propellant rockets at a minimm of additionél weilght to the
alrcraft, Either a singlé rocket or several smaller rockets
could be used, The firing of several.rocketé can be
electrically synchronized‘to within Tive to ten millisecdnds.
A nearly ideal square wave is obtainable with such rockets,

’ The intent of this work was to try a combination of step
and pulse to determine the possibility of the combination
providing sepafable results, Although the step and pulse weré

determined separately, the system is linear and the combination

can be obtained by addition.

-Derivative Method

In order to maintain an optimum degree of accuracy in
Titting the response curve}'and to minimize the error of
individuel 1nnccﬁracies, twélve stations of data were
selected from the twenty points tabulated,

The values of o, X , O , €§_, =) at these points were
used in the equetions of motion with the unknowns being the
desired coefficients.

The twelve equations were reduced by the Method of Least

Squares 2. particularly adapted to the aeronautical equation, 3.

Using the "Operator" notation, the equation of interest

for the step, in symbol fofm, is as follows:

D*e) = Ale<) + B(D<) + C(DS) +E(2)

1,4ecording to Kleln and Sedney.

2.5carborough, Numerical Mathematicalenalxsis,
3.TN 2340. -

11.
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The four equatlons obiained by Least Squares are:

.‘é] z D&@)Eeé] A£(o(.)+52 D) + C 2 < DO) FES ()

=12

L] 2 Dlesbe] = A5 <(Pe) + B D)D) C£ PO +EEL D)

IC £ Do) 5 = AZ X(4e)+8S Datlde)+ £ _Do(de) + ES (k)™
A sample table of the values of the responses. at
each point and the summation is included in Table III (page o)
The computetion was accomplished in this manner to nake
checking figures and procedure éimple and direct.
In the case of the pulse, d was equal to zero and the

equation for solutlon was reduced in complexity to:
Dge) Al) + &(Dx) + C(Dso)

Reduced by Least Sguares:

TIJE DO)(W=AE () + &2 O +CE (De)oe. |
] £ Dte)(DeL)= A /.g:wxcw) FBZ (P +CE )P

= ' >~
LTz Dt9be = A z Do)+ 8L OxXpe) +c £ (Do)

Determination of Unknowng

Since the humber of ﬁnknowns equals the number of valid
equations, the values of the stabllity derivatives can be
obtained. One convenient method of determining‘the
derivatives 1s the Gzuss Method. 1. This method was used. For

2 fuller development of this method see Appendix A (poge33).

1. Hildebrand, Introduciion to Numerical ! alysls.




When separated,-the alphabetical‘coeffiéients are
analagous to the following:
| | A= f{& Cbn°L
5= Vy(zw) Cmy,
°= YWE@Cmg
E=Vy Cmp, -
The values of the ebove, as initisted in the response
computation are:

"'0473
5.511

The resulis of the separations are tabulated below.

B

) -.107 . E

TABLE IV
A B c E
Step -2.504599 000420  -,577367  5.495026
Pulse (5000 1bs.) =3.188991 - .206212  -.733733
Pulse(60,000 1bs. )#-2,223690  -,359600  -.237113
Coin*pina,tion" . =2,408285 -.006755. -'.5'23609 5.627733

i* - '
- Upon inspection of the data, it was observed that most of

- the éix-place accuracy had been lost in the process of separation
of the six-thousand pound pulse respoase, To determine

wheﬁher this loss of accuracy was due merely to the size of

the pulse ﬁsed, a,301uti§n'was obtained aésuming a pulse of
sixty-thousand pounds. This was easily managed bybmoving the

decimal points of the responses to the six-thousand pound pulse.

/73



DISCUSSION OF ERROR

It mey be assumed that the response data 1is very
accuratce éince the only source of error in the LaPlace usage
would come from the user, and the responses check very well
ﬁith computer results. 1. |

One must then examine possible sources of error other
than calculative. The most damaging possibility would be

that of violating condition one, 2.

How well do the twelve
points of data used represent the curve? In Tables I and II,
the points used are numbered in therlefﬂ hand column., The
o(_and 8 values,being fairly regular, éeem adequately
represented by the test points. The derivatives are more
irregular; the test point representetion of the response
here may not be accurate. It may be assumed that the degree

of misrepresentation is not great, however, and will not

significantly alter the results,

1. Tape 317=-22-24  EKavanagh 2004,8 3=1T=5T7
Tape 317-22-24  EKavanagh 1846.0  4-17-57

2. See page 3 .

4



CONCLUSION

Due to the limited scope of this paper, it is impossible
to reach any definite conclusion or to suiffdciently evaluate
‘the effectiveness of this separation method, However,
considerable evidence has been obtained to support the
hypothesis upon ﬁhich this paper is based.

As was expected for the step response separation, the
desired coefficients B and C are not in,agreement with the
inputs. The sum B + C does compare favorably as expected.
This indicates that the calculations were accurate. Therefore,
the results of the other separations can be assumedlprecise
enough to determine the success or failure of the separation.

The figures for the small pulse show that no separstion
has been accomplished. In addition, the sum B + C is not
in agreement with the input sum, The figures for the large
pulse show that the accuracy is imprbvéd, andla trend toward
separatlon is demonstrated, due to the increase in size of
the pulse., This suggests that a greater degree of excitation
is necessary for the extraction, dué t&@he loss of accgﬁacy
in the extraction process.

For the combination of the steﬁ elevator ancd the small
pulse, the results are encouraging, The correct signs are
evidenced, which was not true for the step alone. This
indicates a decidsd trend toward separation, since the small
pulse (although inaccurate itself) increased the accuracy

of the combiration.

5
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From the indlcations of the two pulse response separations
‘and the separations for the step alone and the combination, iﬁ
may be theorized that the foliowing is deserving of further
investigatlion and refinement, |

The seperation of data compiled from the ‘combination of
a rocket pulse of value Zpﬁuapproxima.tely equal to .05, and

a step elevator lnput of reasonable value, may yleld acceptable

¥

One other possibility which should be im'restigated' would

values Tor the stability derivatives Cm"-‘ and Cm for any

alre raft.

be that of a rocket pulse applied eccentirically with the
center of gravity. It seems entirely possible that an
eccentiically placed pulse (alone or combined) might provide

responses which would be effectlve for the separation.
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Shinbrot Method

In this "equations-of-motion” method developedbby Shinbrot}
the equation to be solved is‘multiplied by N "method functions"
yv(t). The :esulting’equafions are then lntegrated from zero to T,
this belng the length of the data run. Successive integration by
parts eliminates the explicit dependence of ﬁhé:equations.on
deriuatives of the data, The resulting N linear simultaneous
equations contaln the desired coefficients as integrals involving
the recorded data which must be evaluated. Then the equations can
be golved by least'squares for the desired coefficients.

The method function chosen 1s ()= sinmwrt y=1l,...,N
where mvis the highest derivative ocecurring in the equation and
u&;:%%{- Suitable frequencieé are chosen to meet zero initial
and final condltions, It will be noted that the above choice of
method function results in the last quarter cycle of the odd number
frequencies being considered identically zero to satisfy final
conditions, but this seems to have negligible effect on the resulﬁs.

Finally, the followlng anproximation is used to evalunmte

the integrals occurring in the equations:

neo

f(t)y(t)dtsAth(t )]','Jy)

ﬁt)y(t)dt--AtZi(t T (%)

where the interval (a,b) 1s divided 1into Zh equal parts by points

to=akt <. ...<t2h..b,! where t?n_l-tl,l-Atzconstant and x(t) is numerical
data,

I. TN 3208%
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. 18.
~ The moment equation under éonsiderat_ion is
3= AX+B&X+Cq +E &g
where the céeffi'cient's are defined on page 13 and q=@.
Introducing the method function produces

T CTa T T T
. fc';sin u‘tdt =A qsinwytdt+ B f;(sin ugbdt + CJqsin u‘tdt-&E ‘[gésin wtat
0 0 ' Q 0,

For this problem T=2 secdnds, At = 0.1'_ seconds and these frequencies

v]: 2 3 L | 5 6
' V4 1 o100 a7 | = 277
W, 3 7| & 2 %‘

Substitution produces' six equations of_ the form

20 | ? o %) | ,.
-éqr‘n(yn): ﬁﬂ;(yn) - g=:];1(yn) + ;,_,qun(yn) + E ?E_(yn)

Defining the A coefficient summation to be I, the B coefficient
surmation to be II, the C coeffic:.ent summation to be ITI, i'he ‘D
. coefficient summation to be IV, and the remaining summation bo be V,

the four equations defined by least squares are:

-Z(V)(I) A2(I) - B?(I)(II)-:- GS(I)(III)+ "2(1)(1v)

'-z(vnn)_ Az(x)(n) - B?(II)Z cz(n) (III) + EE(II)(IV)
% (VI(III) = A%(I)(III) - BZ(II)(III)-!-CZ(III) Ez(III)(IV)

-E(V)(IV) AE (I)(1IV) - BZ’II)(IV)-&-C;(III) Iv) + Ez(rw)‘2

The values of T'n(yn) and 'l'r;l(yn) for the six frequencies
used are found in Table V. w", |
The step response values of the indicated suimations I, II,
ITI, IV, v, (D) (I)(ID), (I)(IID), (I)(IV), (I)(V), (IT)2, (11)(1I1),
(TD)(IV), (II)(V), (ITIT)§ (ITT)(1v), (III)(V), (I0)2 ang (IV)(V)
are found in Table VI. |
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The 5000 pound pulse response values of the indicated surmations

appear in Table VII.

The step plus 6000’oouhd-oulse response vaiues of the indicated

summations anpear in stle VIII,

These values are plugaed into the equations defined by
least squares on‘page?lB. The equations have been solved
using the Gauss Method (see Appendix A) to yield the desired
coefficients, | | | -

b e ————— e o a



Results

20,

The results of the analysis by the Shinbrot Method are:

+0l2h21

True 2,600 =107 | -.473 5,511 -.580

Step ~2.370466 | 127199 | -.698975 S.u5342 | -.571776
Pulse(6000) | -2.65619 | -.039893 | -.513229 | 0 | -.553122
Combination | -2,1455278 ° - -.592018 “5.425398 - -.54966
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Discussion of Error

It has already oeen determined that the response data is
accurate (see‘psge ). | .

Errors inherent in the method of analysis might lay in
the fact that only 6 frequencies were used to evaluate the
dsta'although Shinbrot regards 16 as adequate., Another source
of error here would be the accuracy of the approximation
used to evaluate the integrals with Gamma Functions.

The largest source of error present involves the large
number of calculations necessary to evaluate all the summations.
The use of a digital computer would eliminate tha humen error,
The extreme accuracy needed and the necessagz use of six
51gnificant figures do not lend themselves manual computation.

Consiﬂerinc the whole oicture the error resolved into the

results seems to been kept within reasonable limits.
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Conclusion

w1thin the limited range of this analysis there can be no
definite conclusions drawn but some interesting comparisons
and trends may be noted, _

In the step response separatlon the coefficients B and C
comﬁa;e unfavorably'with the true values, although the sum
B+C compares favoraply. _This was as expected.

The 6000 peund pulee reSponse raeulted in reasonable .
eecuracj in all coefficients ingluding the correct sign for B;
3 and C heve tended to separate here although:the sum B+4C has
become mofe in errer. o _

The results of the combination fesponse_fell inbetween
the first two cases as might be expected., Again the price for.the
trend towards separation was more error iﬁ the sum B+C.

It 1s interesting to note that the bestAresults eome from
»the smail pulse condition which in the Derivative Method analysis
were the poorest, This seems to indicate that the Shinbrot
Method_which‘uses more data points 1is sensitive enough to handle
such;a'small excitation. |

On the basis of the above results it seems plausible‘to
}eitend 1ﬁvestigation into the areae mentioned on page 16 ahd
also ihto the use of Shinbrot's Method (preferably programmed

on a digital computer) for extraction of the stability derivatives,
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0
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.090515
.127803
145300
161574
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-.140156
-.136807
-.130159

STEP ELEVATOR RESPONSE

o(t)
0

- .002693

.010511
.022892
. 039468
.059511
.082461
107733

134692

.162830
.191592
. 220551
« 249346

«277538

. 304882
« 331159
. 356207
« 379917
. 402249
4275164
L2724

(t)

0
. 056664
.097961
.131767
157235
174990

185436

.189317
.187351

.169414
155114
.125275
.120093
.090308
031424
062311
. 044024
. 026981
011445

Q(t)
o}
.055232
.102057
« 145835

-.183872

.215982

242033

.262129
. 276456

.285439

.289548
. 289256

. .285256

. 272099
. 268423
. 256839
234770
. 230219
. 216251
. 202339
.1838965
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TABLE II

ROCKET PULSE RESPONSE

X (t)
0

-.001094

-.002060
-.002889
-.004528
-.004805
b 004962
-.005008
-.004959

. =.,004829

- 004632
-.004383
-.003782
-.003128
- =,002807
-,002217

8)

-.000840
.002068

004733 -

.006811

.008420

« 009577
.010311
+010658

» 010660

.009214

.009820

. 009073
.008173
. 007166
. 006482
. 004996
« 003905

.002853
.001862

. 000951

. 000137

_e(t)

0
.000011
.000059
. 000167
000351
. 000623

.001462
+ 002034
« 002707
.003476
. 004334
.005273
. 006284
007357
-+ 008481
. 009645
.010840
.012055
013284
.014515

o(t)

-.011509
-.010318
-.008984
e 007586
e 004759
=,003412
-.001000

. 000030

.001657
. 002252
.002708
.003025
.003214
.003288
«002951
.003147
.002958

1002713

o(t)

0
.000334

.001433
»002262

-~ 003195

.004191
.005215
006232
«007217
.008146
. 009001
«009767
.010435
.011000
.011459
.011814
.012070
.012233
.012308
.012308
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. TABLE III

2

.000010

. 000119
.001366
+005143
.011963
« 016334
021112
.031070
. 040102
« 046895
. 050816
.051868

;02gg38
+045456
.055227
042716
021722
.011642
» 003094
-.007128
-.009690
e 007935
e 003782
“e 000301

od)

- .028109
047357
. 064582
'+ 055754
.032053
.018417
005287

-.016232

~.028802

“e 029899

-.030309

-.024595"

(=)
. 000177
.001068

.005811

.013298
. 020492
. 023059
024616
.022082
.018085
. 013494
.006082

-.000526

_(§)®

.003051
.010416
033809
.058590
.076428
.081475
.083838
.081371
.072051
.055117
046764
»035708

o

.Eio( =

S ()=
s x(8)=

s
3. (8)(Y) =

£(6) -
2 (=)(6)=

x<(8)

. 000173
.001112
. 006795
.017357

.030238
.036480

042071
.050281
+053753

.. 050840

048747

POINT SUMMATION FOR PURPOSES OF LEAST SQUARE REDUCTION

L]
)"
.003211
. 009596
. 024723
.034387
.035100
« 032554
.028701
015694
. 008156
. 003883
. 000728
« 000005

x(9)
003130
©.009998
.028911
044882
.051794
- 051501
. 049053
+ 035735
.02424
014629
.005835
-.000437

276798

147738
.380883
«196738
.180461
-638608
.319272

=402))
.0Q1590
. 005057
.012981
.012681
. 008246
. 002653
-, 010030
-.021487
e 027579
-.031594
- 029643

£ «(6) ==_060606

£(0)8)=
S 6(&)=
S o (de)=
Z (%)=

£ &Q)=.
fEK;L,;.

_121722
119140

155142
.133705

12
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TABLE V
n|t |Talyy) Ta@2) | Tatr3) | Talmy) | Tals) | Talve)
010 - .0002 »001L «0019 +0045 .0061 .010L
1] .10] L2081 11080 11505 .5920 .6486 «7532
2| .20 .2070 .399h 11386 .5618 6066 6787
I | <40 .3938 6162 »6720 « 6600 «6066 olt19)
S| 50| J9L05| 1.3202| 1.2971 .9220 «6186
6| 60| .5L420 L6162 +5909 L2161 0 =419k
7| «70| 1.1851| 21,0681 | .BL67 -.20% -.6L86 | -1,2187
8| 80| .6371 2399, | .233h 2| -.6066 | =-,6787
9 | «90| 1.3137 JJioB0 | o -1, 1618 2102971 | -.7532

10 [1.00| L6699 | O -.2334 -.69 — 6066
12 | 1,20 46371 =,.3994 | =.5909 -.u082 0 «6787
13 | 1.30| 1.1851| -1.0681 | -1.2971 | =-,20L40 6486 | 1,2187
U [ 1.40] o5Lh20) =.6h62 | =,6720 2116 26066 R
15 [ 1.50| L,9405| -1.3202 | -1.1407 9220 | 1,2971
16 | 1.60| .3938| -.6L62 | =.1386 »660l L6066 -.119h
17 [ 1.70| .6038] -1,0681 | -.L4505 | 1,2879 .6l86 | -1,2187
18 | 1,80 .2070| -,399L | -.0019 «5618 $0061 | -,6787
19 | 1.90( 42081| -,j080 | © 5920 0 -.7532
20 | 2,00| L,0002 -.001h 0 0045 | 0 -.0104
nf t (1T | PG F) (17 G ) 17 () 1 ($.)
BE [355 [3% [SE 3R [50%
0|0 «3350 « 3397 o312 «3L77 «3502 .3568
11 «10] 1.3137| 1.2556 | 1.2377 | 1l.l618 | 1.1234 1,0367
2| <20 .6371| L5497 65227 1082 .3502 |  .2205
3| +30| 1,1851 . 7760 .6586 L2040 | 0 -+3960
| <Lo| 45420 «2100 .1185 -.21&6 -.3502 -<5773
5| «50] .94O05| O -+2287 | =.9220 | -1.1234 | -1,281L
6| «60| 43938| -,2100| =-.3412 -.660h e TOOL -.5723
T| 70| 46038} -,7760 | -1.0090 [ ~1,2879 |-1,1234 -+3960
8] 80| .2070) =.8497| -.6412| -,5618 | -.3502 .2205
9] +90] .2081| =1,2556 | =1.3172 | =.5920 [ © 1.0367
10 | 1,00 O -.6795 12 | 0o . 3502 .7136
11 | 1,10| =.2081{ -1.2556 | -1.0090 «5920 | 1.123L 1.0367
12 | 1.20| =,2070| =-o5497 | -o3L412 .5618 » 700l «2205
13 | 1.30] -.6038| =,7760 .2287 | 1.2879 | 1.123Y4 -+3960
| 140} -.3938| -,.2100 .1185 |  ,660L .3502 -.5773
15 | 1.50( =.9405| © ~ «6586 #9220 | © -1.2814
16 | 1.60| -.5120 +2100 5227 .21u6 -+3502 ~.5773
17 | 1.70/-1,1851 «7760 | 1.2377 % -1.123) -+3960
18| 1.80( -.6371 5497 .3h12 | -.y082 | 213502 2205
19| 1.90|-1.3137| 1.,2556| 0 | -1.,1618 | ©O 1.0367
20| 2.00| -.3350 .3397] 0 -.3472 | 0 3568
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TABLE VI
1 | 1.570796 | -1,125538 -.517982 | ~1,76799 -.8136UL
2 | 3.14159 -.162608 -.811238 -.510848 -2,518577
3 | 349066 | -.0735971 | -.666089 -.256902 -2,325090
L L.71239 -.00161917 -.2065,2 -.00763016 -.973306
5 | 5.23599 -.0089412 | -.15L0L26 | -.0L6816 | = -.806566
6 | 6.283185 | -,0133903 | -.174173 | -.08,1337 | -1.094361
Y I II T v v
1 | 1.743279 | -1.76799 3.179862 1.27325 -+81360
2 | =.95315, -.5108L8 -.3220L5 0 -2,518577
3 | -.832943 | -.256902 -.115301,3 0 «2.325090
L JLlooys- | -,00763016 130174 Jl2lly -.973306
15 .1110830 -.bu6816 »1136693 .38197 -.806566
6 | -.376516 | -.0841337 | -.27506) | o -1.094,361
;é(x)z Lo SUL6TT ;§(II)2 3.373770
,szz)(xx) -2.351246 :;(II (III) -5.1493826
I)(III) 6.788813 EXII (IV) -2.252537
S‘( I)(IV) 2.563310 ;ﬁ 1I)(V) 3.475030
z(I) 24599830
2(111)2 ©10.87189) s‘(IV)a 1.947182
é&III ) (IV) 1. 398129 zf<rv><V) -1.757127
S&III)(V) -1.1830L47 '
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TABLE VII
Y W, “%YI E.’_vII I 171
1 | 1.570796 140023662 | -.0596622 | .003827433 | -,0933717L5
2 | 3.14159 0158469 | -.0094018L | .OL97BLL6 | -.0295367 |
3 | 3.49066 .0133778 | -.00476286 | .0L669735 | -. 0166255
Lo|Lh.71239 .00421871 | -.00111286 | .01987978 | -.0052LL23
|5 | 5.23599 .»00318337 | -.00132185 | ,01666809 -.00692119 ‘
6 | 6.283185 .00374321 | -.0007L0L425| ,02351928 | -,00L652227
v I I IIT v v ]
1 |-.0835136 | .003827433| .0963360 | o. -, 093717145
2 | -.000329563 | .0L978UL6 | -.0500486 | O -40295367
3 | .00332199 | 04669735 | -.0438098 | 0 -.0166255
L | -.00574183 | .01987978 | .o2hotol | o -.00521123
5 | -.00616097 | ,01666809 | .00220hL45 | © -.0062119
6 .00288631 02351928 | «.0209521 | O - . 004652227
= 3 - o » , -
(1) .00295)22 -2  +00589997
;‘( I)(11) -,000215203. gf( IT)(III) =  =-.0041L45h9
;f( I)(II1) -.00550736 ;.(II) V) -.00293457
;‘,“(I)(V) .00502903 | |
g“(ln)2 0117667
;‘( III)(V) -.00688L51




TABLE VITI
v I IT III v v
1 | 1.689765 |[-1.764163 | 3.276399 | 1.27325 | -.907361
2 | -.95348L | -.46106k -.372094 | o -2,57811L
3 | -.829621 -,210205 | -.496853 0 : -2.3hl7é
L 1131303 .0122196 IRLELEE o2l ~.97855
5| JLoh660 | -.0301L79 1138897 . 38197 81367
6 | -.373630 -.06061L), | 9;296016 0 -1,099013
2( 1)° Lo OULTT 5(11)2 34373770
2(1)(11) _2.351246 z(n (111)  -5.493826
ic:)(m) 6.780813 | z(n)(m ~2.252537
Z( I) (IV) 2.1:90379 f(II ) (v) 3.36080L
f(I) (v) 2.524155 |
Z(III) - 11,606700 2(1\7)2 | 1.%7182 |
S(III)(IV)  L.532101 g(Iv (v) -1,881322
2(III)(V) - =1.326296 |
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APPENDIX A

Separation of coefficients for step elevator response by
the use of the Gauss! MethodeThe equations used are as follows:

mﬁ.m 1
s Do) =AZ<*+BZ °<CD°<)+C £°<®6)+EZ«7e@<)

?Eﬁ:(;-g Azx(nog+ez@x) + CECD-QCDe)f-EZ@‘é)?

3 k"
Equ;:ieo&e) =AZ -4&De)+ B0+ 0O+ EZ P2 (DS

Eﬁia:::gt) Azx@c) + BZ (D) & +C2(De) 2% + E g(de)

7 Substituting the values for the surmations as obtained from
'rable IIT the equations become: .
1) —.060606 = A(,276798) + B(.147738) + C(.380883) 4 E(.15512)
2)  .180k61 = A(.1L7738) + B(.196738) + €(+319272) + E(.133705)
3) 4121722 2 4(.380883) + B(.319272) + C(.638608) + E(.262830)
L) 119140 = A(.1551h'2) + B(.133705) + €(.262830) + E(.120000)
Reduction '

- Bquation 1 4s divided by the coefficient of A. This yields an |
expression for A. ﬁ:is expression for A is substituted fori'A in the
remaining three equations. The equations resulting from this are as
follows: .

A = -,21895) =.533739(B) -1.376032(C) -.560L88(E)
2) .212809 = p(,17788L) Fc(.ll5980) + E(.050900)
3) | +205118 = B(.115980) + C(+11L501) + E(.0L9350)
L) 153109 = B(.050900) + C(.049350) t E(.0330L5)




Equation 2 is now divided by the coefficient of B, This yields
an expression for B‘.‘mis expression for B is substituted into the
remaining two equations . Then in similar manner the resulting
third equation is divided by the coefficien‘b of C o Finally the

resultant expression for C is substituted into the fourth equation
yielding a numerical value for E . The equations of each of the
coefficients in terms of the others are as follows:

B = 1196336 = 4651998 (C) - ,286142 (E)

C = 1.706882 - ,L1569Y (E)

E = +5.495026

Now each value is substituted working backwards wntil 4 is

finally evaluated,The subsaquent' values are:
C S = 577367 |

B = +,000420
A = - 2.504599




