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A BAR OPERATOR FOR
INVOLUTIONS IN A COXETER GROUP

G. LuszTIG

INTRODUCTION AND STATEMENT OF RESULTS

0.0. In [LV] it was shown that the vector space spanned by the involutions in
a Weyl group carries a natural Hecke algebra action and a certain bar operator.
These were used in [LV] to construct a new basis of that vector space, in the spirit
of [KL], and to give a refinement of the polynomials P, ,, of [KL] in the case where
y, w were involutions in the Weyl group in the sense that P, ,, was split canonically
as a sum of two polynomials with cofficients in N. However, the construction of the
Hecke algebra action and that of the bar operator, although stated in elementary
terms, were established in a non-elementary way. (For example, the construction of
the bar operator in [LV] was done using ideas from geometry such as Verdier duality
for l-adic sheaves.) In the present paper we construct the Hecke algebra action
and the bar operator in an entirely elementary way, in the context of arbitrary
Coxeter groups.

Let W be a Coxeter group with set of simple reflections denoted by S. Let
I : W — N be the standard length function. For € W we set ¢, = (—1)®),
Let < be the Bruhat order on W. Let w +— w* be an automorphism of W
with square 1 which leaves S stable, so that [(w*) = [(w) for any w € W. Let
L. = {w € W;w*! = w}. (We write w*~! instead of (w*)~!.) The elements of
L. are said to be x-twisted involutions of W.

Let u be an indeterminate and let A = Z[u,u!]. Let § be the free A-module
with basis (T, )wew with the unique A-algebra structure with unit 737 such that

(i) Tw Ty = Ty if l(ww") = I(w) + I(w") and

(ii) (Ts + 1)(Ts —u?) =0 for all s € S.
This is an Iwahori-Hecke algebra. (In [LV], the notation £’ is used instead of £).)

Let M be the free A-module with basis {a,;w € I.}. We have the following
result which, in the special case where W is a Weyl group or an affine Weyl group,
was proved in [LV] (the general case was stated there without proof).
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2 G. LUSZTIG

Theorem 0.1. There is a unique $H-module structure on M such that for any
s €S8 and any w € I, we have

(i) Tsayw = uay + (u+ 1)agy, if sw =ws* > w;

(ii) Tsaw = (u? — u — 1)ay + (u? — u)ag, if sw = ws* < w;

(141) Tsy = Qss+ if SW # ws* > w;

(iv) Tyt = (U% — 1)@y + ulasps if sw # ws* < w.

The proof is given in §2 after some preparation in §1.
Let ~: $ — $ be the unique ring involution such that u?T, = v~ "T m_,ll for any
x € W,n € Z (see [KL]). We have the following result.

Theorem 0.2. (a) There exists a unique Z-linear map ~ : M — M such that
hm = hm for allh € $,m € M and a; = a1. For any m € M we have m = m.
(b) For any w € I, we have @y = ewT;_llaw_l.

The proof is given in §3. Note that (a) was conjectured in [LV] and proved
there in the special case where W is a Weyl group or an affine Weyl group; (b) is
new even when W is a Weyl group or affine Weyl group.

0.3. Let A = Z[v,v™!] where v is an indeterminate. We view A as a subring of
A by setting u = v2. Let M = A®4 M. We can view M as an A-submodule of
M. We extend ~ : M — M to a Z-linear map ~ : M — M in such a way that
v™m = v~ "m for m € M,n € Z. For each w € I, we set a,, = v W, e M.
Note that {al,;w € L.} is an A-basis of M. Let A, = Z[v™ '], Ao = v 'Z[v™!],
Moo= er, Acotny CM, Mo =31, Aco, C M.

Let H§ = A ®4 $H. This is naturally an A-algebra containing £ as an A-
subalgebra. Note that the $-module structure on M extends by A-linearity to
an $-module structure on M. We denote by ~: A — A the ring involution such
that v» = v="™ for n € Z. We denote by ~: $) — § the ring involution such
that v"T, = fU‘”TI__l1 for n € Z,x € W. We have the following result which in
the special case where W is a Weyl group or an affine Weyl group the theorem is
proved in [LV, 0.3].

Theorem 0.4. (a) For any w € L, there is a unique element

A, = vt Z Pl ,ay € M

yely<w

(P ., € Zlu]) such that Ay, = Ay, Pg ., =1 and for any y € L, y < w, we have
deg P7,, < (l(w) —I(y) —1)/2.

(b) The elements A,, (w € 1.) form an A-basis of M.

The proof is given in §4.

0.5. As an application of our study of the bar operator we give (in 4.7) an explicit
description of the M6bius function of the partially ordered set (1., <); we show that
it has values in {1, —1}. This description of the Mobius function is used to show
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that the constant term of P/, is 1, see 4.10. In §5 we study the ” K-spherical”

submodule M* of M (where K is a subset of S which generates a finite subgroup
Wi of S). In 5.6(f) we show that M’ contains any element A,, where w € I, has
maximal length in WxgwWiy«. This result is used in §6 to describe the action of
u™1(Ty + 1) (with s € S) in the basis (A,,) by supplying an elementary substitute
for a geometric argument in [LV], see Theorem 6.3 which was proved earlier in
[LV] for the case where W is a Weyl group. In 7.7 we give an inversion formula for
the polynomials Py, (for finite W) which involves the M&bius function above and
the polynomials analogous to Py, with * replaced by its composition with the
opposition automorphism of W. In §8 we formulate a conjecture (see 8.4) relating
P7, for certain twisted involutions y, w in an affine Weyl group to the g-analogues
of weight multiplicities in [L1]. In §9 we show that for y < w in L, Py, is equal
to the polynomial P, ,, of [KL] plus an element in 2Z[u]. This follows from [LV]
in the case where W is a Weyl group.

0.6. Notation. If Il is a property we set oy = 1 if Il is true and oy = 0 if 11 is
false. We write 9, ,, instead of 0,—,. For s € S,w € I, we sometimes set sew = sw
if sw =ws* and s @ w = sws™ if sw # ws*; note that sew € I,.

For any s € S,t € S,t # s let myy = mys € [2,00] be the order of st. For
any subset K of S let Wi be the subgroup of W generated by K. If J C K are
subsets of S we set Wil = {w € W;l(wy) > l(w) for any y € Wy —{1}}, "Wk =
{w € Wk;l(yw) > l(w) for any y € W, — {1}}; note that "W = (W)~!. For
any subset K of S such that Wy is finite we denote by wg the unique element of
maximal length of Wi .

CONTENTS

Involutions and double cosets.

Proof of Theorem 0.1.

Proof of Theorem 0.2.

Proof of Theorem 0.4.

The submodule M of M.

The action of u™1 (T + 1) in the basis (A,).
An inversion formula.

A (—u) analogue of weight multiplicities?
Reduction modulo 2.
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1. INVOLUTIONS AND DOUBLE COSETS

1.1. Let K, K’ be two subsets of S such that Wy, Wy are finite and let € be a
(W, Wg)-double coset in W. Let b be the unique element of minimal length of (2.
Let J = KN(bK'b™1), J' = (b~ Kb)NK' so that b=1Jb = J" hence b= Wb = Wj.
If x € Q then = = cbd where ¢ € W]J(, d € Wk are uniquely determined; moreover,
I(x) = I(c) + 1(b) + I(d), see Kilmoyer [Ki, Prop. 29]. We can write uniquely
d = z¢ where z € Wy, ¢ € 7' Wgr; moreover, I(d) = I(z) + I(¢). Thus we have
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x = cbzc where c€e Wi, e Wy, €’ "Wk are uniquely determined; moreover,
l(z) = U(c) +1(b) + I(2) + I(¢). Note that b := wxw,bwg- is the unique element
of maximal length of Q; we have [(b) = l(wg) + 1(b) + l(wg/) — l(wy).

1.2. Now assume in addition that K" = K* and that (2 is stable under w w* L.
Then b* 1€ Q, 01 € Q, I(b*') = (b)), 10" 1) = I(b), and by uniqueness we have
b*=1 =b, b*~1 = b, that is, b € I, b € I,. Also we have J* = K* N (b~ Kb) = .J’
hence Wy = (Wy)*. If z € QN L, then writing = cbzc’ as in 1.1 we have x =
o7l = * (b7 2* 1) et where ¥l € (TWg) T = W, omte W) T =
T Wiee, b 1271 € b='Wyb = Wy-. By the uniqueness of ¢, z, ¢/, we must have
*l=c 7 =¢, b7 27 = 2. Conversely, if c € Wik, 2z € Wy, € 7 Wk-
are such that ¢*=! = ¢ (hence ¢*=! = ¢/) and b=12*71b = 2 then clearly cbzc’' €
QN1I,. Note that y — b~ 'y*b is an automorphism 7 : W« — W. which leaves
J* stable and satisfies 72 = 1. Hence I, := {y € Wy«;7(y)~! = y} is well defined.
We see that we have a bijection
(a) Wi x I, = QnL, (c,2) = cbzc*!

1.3. In the setup of 1.2 we assume that s € S, K = {s}, so that K’ = {s*}. In
this case we have either 3

sb=0bs*, J={s}, QNI = {b,bs* = b}, I(bs*) =1(b) + 1, or

sb#bs*, J =0, QNT, = {b, sbs* = b}, I(sbs*) = I(b) + 2.

1.4. In the setup of 1.2 we assume that s € S,t € S;t # s, m := ms; < 00,
K = {s,t}, so that K* = {s*,t*}. We set § = I(b). For i € [1,m] we set
s; = sts... (i factors), t; = tst... (i factors).

We are in one of the following cases (note that we have sb = bt* if and only if
tb = bs*, since b*~! = b).

(i) {sb tb} N {bs*, 0t} = 0, J =0, QN L = {£,6(i € [0,m]),§ = & =
b, bom = &, = b} where &y; = s; 'bs?, &), = t7 bty 1(€2:) = 1(&h;) = B + 2i.

(ii) sb = bS*, tb 7£ bt*, J = {S} aQn I* = {522,621'4_1(7: € [O,m — 1])} where
o = t;10t7, 1(E2s) = B+ 21, &oipr = t; 'bsy,y = s bty 1(&ig1) = B+2i+ 1,
50 = b, £2m—1 =b.

(iii) sb # bs*, tb = bt*, J = {t}, QN L. = {&2:,&2i+1(i € [0,m — 1])} where
&oi = s; bS], 1(§2i) = B+ 26, Laip1 = s; b7y =ty bs), (i) = B+ 20+ 1,
§o =b,&m-1="0.

(iv) sb = bs*, tb = bt*, J = K, m odd, QNI = {{o = §) = b,&ai11,85,11(1 €
[0, (m — 1)/2]) =€ = b} where & = sb, & = tsth, &5 = ststsb, .. .; x) = tb,
xh = stsb, xft = tststb s 1(&2i41) = 1(&giq) = B+ 20+ 1.

(v) sb = bs*, tb = bt* J =K, meven, QNI = {{ = &) = b,&i11,&,;,(1 €
[0, (m —2)/2]),&m =&, = b} where & = sb, £ = tsth, & = ststsh, .. .; & =1b
§5 = stsb, & = tststh, ...; 1(&aiv1) = 1(&h41) = B+2i+ 1, & =&, = bs), =
bty, = $mb=t,b, l(&m) = l(Sin) =+ m.

(vi) sb = bt*, tb = bs*, J = K, modd, QNI = {& = &) = b,£2,85,(1 €
[0,(m —1)/2]),&m = &, = b} where & = stb, & = tstsh, & = stststh, ...;
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&l = tsb, &) = ststb, & = tststsb, ...; (&) = 1(&h;) = B+ 2i, &n = &, = bsh, =
bt;kn =t,b= Smb: l(&m) = Z(S;n) = B +m.

(vii) sb = bt*, tb = bs*, J = K, m even, QNIL, = {{ = £ = b,&2;,8&5,(i €
0,m/2]),&m = €., = b} where & = stb, &4 = tstsh, &g = stststh, ...; £} = tsb,
&) = ststb, & = tststsb, ...; (&) = 1(&L;) = B+ 2i.

2. PROOF OF THEOREM 0.1

2.1. Let M = Q(u) ®4 M (a Q(u)-vector space with basis {a,,w € I.}). Let
H=Q(u) ®4 9 (a Q(u)-algebra with basis {T,,;w € W} defined by the relations
0.0(i),(ii)). The product of a sequence &1,&,, ... of k elements of §) is sometimes
denoted by (£1&2...)k. It is well known that § is the associative Q(u)-algebra
(with 1) with generators Tx(s € S) and relations 0.0(ii) and

(T Ty Ts ... ) = (TYTsTy . . . )y for any s # ¢ in S such that m := mg; < oo.

For s € S we set %S = (u+1)"Y(T, —u) € $. Note that TS,%S are invertible in
$: we have %3_1 = (u? —u) Y Ts +1+u—u?).
2.2. For any s € S we define a Q(u)-linear map T, : M — M by the formulas
in 0.1(i)-(iv). For s € S we also define a Q(u)-linear map %S . M — M by
IO”S = (u+1)"Y(Ts — u). For w € I, we have:

(i) asw = %Saw if sw = ws* > w; agps = Tsay if sw # ws™ > w.

2.3. To prove Theorem 0.1 it is enough to show that the formulas 0.1(i)-(iv) define
an ~8;j—modmle structure on M.

Let s € S. To verify that (T + 1)(Ts — u?) = 0 on M it is enough to note that
the 2 x 2 matrices with entries in Q(u)

u u+1
w?—u u?—u—1

0 1
w? u?—1

which represent T, on the subspace of M spanned by ay, Gsw (with w € 1, sw =
Ws* > W) Or bY Gy, Agws (With w € I, sw # ws* > w) have eigenvalues —1, u?

Assume now that s # t in S are such that m := mg, ¢ < 00 It remains to
verify the equality (TsT3Ts ... )m = (TyTsTy ... )m : M — M. We must show that
(TsTiTs ... )y = (TiTsTy . .. )may for any w € I.. We will do this by reducing
the general case to calculations in a dihedral group.

Let K = {s,t}, so that K* = {s*,t*}. Let Q be the (Wg, Wk~)-double coset
in T that contains w. From the definitions it is clear that the subspace Mg of M
spanned by {a,;w’ € Q@ NI} is stable under Ts and T;. Hence it is enough to
show that
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(a) (TsTiTs .. )mp = (TiTsTy . .. )p for any p € Mg,
Since w*~! = w we see that w’ — w'*~! maps Q into itself. Thus Q is as in 1.2
and we are in one of the cases (i)-(vii) in 1.4. The proof of (a) in the various cases
is given in 2.4-2.10. Let b € 2, J C K be as in 1.2. Let s;,t; be as in 1.4.

Let $Hx be the subspace of § spanned by {T,;y € Wk}; note that S is a
Q(u)-subalgebra of §.

2.4. Assume that we are in case 1.4(i). We define an isomorphism of vector
spaces @ : Hx — Mg by T — auper—1 (c € Wk). From definitions we have
T:9(T,.) = ®(T:1.), T:®(T.) = ®(T;T,) for any ¢ € Wi. It follows that for any
z € H we have T,®(z) = ®(Tyz), T,®(x) = &(Tyx), hence (T, Ty ... )m®(z) —
(TyTTy .. ) ®(x) = O((TsTiTs ... )mx — (TiTsTy ... )mz) = 0. (We use that
(TsTiTs...)m = (IiTsTy ... )y in ﬁK) Since ® is an isomorphism we deduce
that 2.3(a) holds in our case.
Assume that we are in case 1.4(ii). We define r,7’ by r = s, ' =t if m is odd,
r=t,r =sif m is even. We have
T, T, T, T,
Agg —7 Qg —> Qg —> oo — 7 Qg o)
T: T T T
g, —> Qgg —> QAgg —7 oo —7 Qg
We have s§y = £os™ = &1 hence ag, KLN uag, + (u+ 1)ag,. We show that
74,£2m—2 = 52771—274”< = §2m—1
We have 1’0 = ... tstbt*s*t* ... where the product to the left (resp. right) of
b has m (resp. m— 1) factors). Using the definition of m and the identity sb = bs*
we deduce 19,0 = ... stsbt*s*t* .-+ = ...sths*t*s* ... (in the last expression
the product to the left (resp. right) of b has m — 1 (resp. m) factors). Thus
r"€9m—2 = &am_1. Using again the definition of m we have &5, _1 = ... stbt*s*t* . ..
where the product to the left (resp. right) of b has m — 1 (resp. m) factors. Thus
om—_1 = &am_aor'* as required.
We dedlilpce that
Aeom_2 o Uag,,, , + (u + 1)a§2m—1'
We set a;, = uag, + (u+ 1)ag,, ag, = uag, + (u+ ag,, ..., a;, | =uag,, ,+
(u+1)ag,, ,. Note that ag,, ac,, ag,, . . ., ag,,, , together with az ,af ,...,af,
form a basis of MQ and we have
Ty Ts T T, T, ,
Qgg —> Qg —> gy —> oo — 7 Qg5 —7 a£2m71
Ts. v Tvo 4 Ts. 4 Ts T.
Qgy — CL& — &53 — &55 S R a€2m_1.
We define an isomorphism of vector spaces & : Hr — Mg by 1+ ag,, Tt — ag,,
TTy — ag,, ..., Tr...TsTy — ag,, , (the product has m — 1 factors), T —
O‘/&’ T, T, — aég, o, T TVT, — a’&m_ (the product has m factors). From
definitions for any ¢ € Wx we have
(a) Ts®(T.) = (TsTe) if sc > ¢, Ty ®(T,) = (T, 1) if te > ¢,
(b) T7'(T.) = ®(T;'Ty) if sc < ¢, T, ®(T,.) = ®(T, ' T,) if te < c.
Since Ty = u?T; ' 4+ (u? — 1) both as endomorphisms of M and as elements of

1
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$ we see that (b) implies that T,®(T,) = ®(T,T,) if s¢ < ¢. Thus T,®(T,) =
O(T,T,) for any ¢ € Wg. Similarly, T;®(T,) = ®(T;T.) for any ¢ € Wgk. It
follows that for any = € Hx we have T,®(z) = ®(T,x), T,®(z) = ®(Tx), hence
(TsiTs ... )0(x) — (TTsTy ... )P(x) = O((TsTiTs . . . )x — (TiTsTy . . . )x) = 0 where
the products T Ty T ..., TiTsT; ... have m factors. (We use that T,TiTs--- =
T, T,T;... in 5’JK) Since ® is an isomorphism we deduce that (TsTiTs...)u —
(T,T,T;...)u =0 for any u € Mg. Hence 2.3(a) holds in our case.

2.5. Assume that we are in case 1.4(iii). By the argument in case 1.4(ii) with s, ¢
interchanged we see that (a) holds in our case.

2.6. Assume that we are in one of the cases 1.4(iv)-(vii). We have J = K that is,
K =bK*b~!. We have Q = Wgb = bWg-. Define m’ > 1 by m =2m’ +1if m is
odd, m = 2m/ if m is even. Define s’,t' by s’ = s,t' =t if m’ iseven, s’ =t,t' = s
if m’ is odd.

2.7. Assume that we are in case 1.4(iv). We define some elements of $ as follows:

o = Tsm/ + Ttm/ + (1 tu— u2)(Tsm,7l + Ttm’—l)

+(l4+u—uw? - +u)(Ts,,  + T, )+

F (1 4u—u® = ut Fud = (1) 2P (—1) 22 S
+ (=)™ ) (T + Ty

+ (1 +u—u?—ud+ut +d° —-~-—|—(—1)m/_1u2m/—2

+ (=)™ T 4 () ),

(¢)

m =Tsno,n3 =T, ..., N2m -1 = Ty Nam —3,Nem'+1 = TsNam’ -1,

[e)
! / ! / ! / !
m =To,M3 =T Mamr—1 = Ls'Momr—3s Nomrs1 = T Moy —1-

For example if m = 7 we have

no = Ters + Thsr + (L +u — uH)Tys + (1 4+ 10— u*) Ty + (1 + u — u? — v +u?)T,
+ (1 +u—u? =+ uh )T 4+ (1 +u—u? — v +u +u® — ),

m = (u+ 1) "N Tyer — Tyt + (—u+ 0 Ths + (—u + u®) Ty + (—u + 2u® — u°)T,
+ (—u+2u® — )Ty + (—u + 2u® — 2u® +u")),

m = (u+ D)™ (Trsts — uTsts + (—u 4+ u)Thg + (—u + u®) Ty + (—u + 2u® — )T,
+ (—u + 2u® — )T} + (—u+ 2u® — 2u® +u")),
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n3 = (u+ 1) (Tystsr — u3Tor + (—u? +ud) Ty + (—u® +u®) Ty + (—u® + 2u® — u")),
My = (u+1) 7" (Tasts — 0 Tys + (—u® + u®) Ty + (—u® +0°) T, + (—u® 4 2u® — u")),
= (u+ 1) (Tspstst — v’ Ty + (—u® + U7))7
= (u+ 1) (Tiststs — u’Ts + (—u” +u")),
nr =m0 = (u+ 1) (Tspststs — u’).
One checks by direct computation in .6 K that
@ = 1 = ()7 (T, = ™)

and that the elements 79, 11,7}, 73, n3,. M2m’—15 Myms 1, Mm are linearly indepen-
dent in .6 K; they span a subspace of .6 x denoted by .6} From (a) we deduce:

(b) (Ts’T‘t’Ts’ s T‘thT‘th>m’—|—1'r]0 = (T‘t’Ts’T‘t’ .- -TsT‘thTt)m’—l—ll”]O-
We have

0]
1 -1 -1 1
T 'm =m0, Ty m3=n1,-.-, Ly Mom—1 = M2m'—=3, Ly N2m/+1 = M2m’/—1,

(0]
-1,/ __ -1,/ _ ./ -1,/ _ ! -1,/ _
Ty =m0, Ty 3 =m1, s Ly Nopr—1 = N3, L Mom'+1 = Mom/—1-

It follows that 53} is stable under left multiplication by Ts and T} hence it is a left
ideal of . From the definitions we have

o]
ag, = Tsag,, agy = Trag,, .. ae,,, | =Tpag, , ae,.., =Tsag, ,
0]
agi - Ttago,afé - Tsagi a£/27n/71 - T /a£/27n/ 3’ £l27n/+1 - ﬂla&;wﬂfl
10’_1a =ae, T tae. =a T, 'a =a T 'a =a
s W& = G&os Ly Q&g = Q& e v o by Oy 1 = Qo5 tsr W&oy = Wop_1
1 1
Tt af:/L = aﬁO’TS a£§ = af:/L T a£27n’71 - a£/27n/73, t’ a£/27n/+1 - a£/27n/71'

Hence the vector space isomorphism @ : 55}} =y Mg given by N2l P> Qe
Naiy1 = ag, ., (i €10, (m —1)/2]), no — ag, satisfies ®(T;h) = TsP(h), ®(Tih) =
T, ®(h) for any h € $H). Since (T, TiTs ... )mh = (TiT:T; ... )mh for h € H5, we
deduce that 2.3(a) holds in our case.
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2.8. Assume that we are in case 1.4(v). We define some elements of $  as follows:
nO = Tsm’—l + Ttm/_1 + (1 - U/Q)(Tsm/_z + Ttm/_z)
+(1-w+u" )T,  + T, )+
+ (=t = ()R (T, T
+ (1 2 + o + (_1)m’—1u2(m’—1)),
(iftm>4),n =1 (if m=2),
m =Tsno,n3 =Tim, ... Nem—1 = T Nam/ -3, N2m! = Ts/N2m/ -1,

[e) [e)
! ! ! ! . ! ! _ /
m =Tno,m3 =TsMys s Nomr—1 = Ts Moy —35 Nopr = Tt N1

For example if m = 4 we have
no = Ts + Ty + (1 —u?),

m = (u+ 1) (To — uTs — uTi + (—u + v +u?)),
m = (u+1)" (T — uls — uly + (—u+ v’ 4+ u?)),
ns = (u~+ 1) (Tysr — ulys + v’Ty — u?),
s = (u+ 1) (Tas — ulyy +uTs — u®),
M =1y = (u+ 1) (Topst — uTsts — uTyst + v’ T + Ty — u’Ty — u’Ty + u?).

If m = 6 we have

no = Tst + Tps + (1 — )Ty + (1 = u*) Ty + (1 — w® + u?),

m = (u+ 1) (Tos — uTe — uTys + (—u+ v + )T,
+ (—u+u? + )T+ (—u+u? +u® —u* —ub)),

m = (u+ 1)_1(Tt5t —uTsy — ulys + (—u + u? + u3)TS
+ (—u+u? + T, + (—u+u? + u® —ut —uP)),

ns = (u+ 1) N (Tysts — uTyer — u?Tys — Ty — uTy + (—u® + ut + u®)),
77§ = (u + 1)_1(Tstst — ulsts — U2Tst - U3T5 — USTt + (—U3 + U4 + Us)),
s = (U + 1)_1(T5tsts - UTstst - Uszts - USTst + U4Ts — U5),

ns = (u+ 1) " (Tistst — uTists — u*Tyse — uTys + u'Ty — u),



10 G. LUSZTIG

Tle = né = (U + 1)_2(T5t5t5t - UTststs - UTtstst + UQTstst + UQTtsts - U3T5ts
— 3Ty + ul Ty 4+ u' Ty — T, — uPTy + u®).

If m = 8 we have

no = Tsts + Thst + (1 — )Ty + (1 — u) T + (1 — 0 + 0Ty + (1 — u® + uhT,
+ (1 — u? 4+ u' — u®),

m o= (u+ 1) Y (Tyrer — uTsts — uTter + (—u + u? + u®) Ty + (—u 4+ u? + u®) Ty,
4+ (—u+u? +ud —ut =T, + (—u+u? +u® —ut — )T,

+ (—u+u? +ud —ut —u® Fub Hu”)),

m = (u+ 1) (Tists — uTsts — uTist + (—u + u? +u) Ty + (—u + u* + u®) T
+ (—u+u? +ud —ut — )Ty + (—u + v +u® —ut — )T+

(—u+u? +u —u — v +ub +uh)),

N3 = (U + 1)_1(Ttstst - UTtsts + uthst - U3T5t - U3Tts + (_U3 + U4 + US)TS
+ (v’ +ut + )T+ (—u® + ut u® = — ")),

Ué = (’LL + 1)_1(Tststs - UTstst + uszts - U3T5t - U3Tts + (_U3 + U4 + U5)Ts
+ (v’ +ut +0O) T+ (—u® ot e’ = — ")),

5 = (U + 1)_1(T5t5t5t - UTststs + UQTstst - U3T5ts + U/4T5t - USTS — UsTt
+(—u” +u® +u')),

77:5 = (u+ 1)_1<Ttststs — uTystst + uTyses — u?Thst + U4Tts —uT, — u°T,
+ (—u® +ub 4+ u")),

nr = (u+ 1)_1(Ttststst — uTysests + U2 Tysst — U Tysps + u*Thse — u°Tis
+uST, —u"),

77/7 = (’LL + 1)_1(Tstststs - UTststst + UQTststs - U3Tstst + U4Tsts - USTst
+uST, — u'),
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778 = Ué = ('LL + 1)_2<T5tststst - UTstststs - UTtststst + UQTtststs
+ UQTststst - USTststs - USTtstst + U4T5t5t + U4Ttsts - USTsts - usTtst + U6T5t
+uST s — T, — T, + us).
One checks by direct computation in .6 K that
(a) M =1y = (u+1)7% Y (—u)™'W)T,
yeEWK

and that the elements 1o, 71,71, 73, M3, - - - M2m’—15 Moy 1, m are linearly indepen-
dent in $Hx; they span a subspace of Hx denoted by 55}} From (a) we deduce:

(b) (TS/Tt/TS/ e TthTth)m’—l—1770 = (Tt/TS/Tt/ . TsTthTt)m’—l—lno'
We have

T m =00 T, "3 =m1s e, T Mo —1 = Moy —3, T Moy = Nams—1,

T 771 _7707T 773 —7717---:Ts_/177§m/—1 :ném’—Bth_’lném’ :ném’—l‘
It follows that §7 ¢ is stable under left multiplication by T and T; hence it is a left
ideal of . From the definitions we have

o o
Qg, = Tsa,go, Qgy = Ttagl, NN agzm,71 = ﬂ/a£2m,73, a€2m, = Ts'aﬁzmuw
o
a'£/1 = Ttago,a% = Tsaé:/l a%m/ L T /a%m/ 3 5/27 = Tt/a%m/ 0
-1 —1 -1 7-1
TS ag, = a€07Tt gz = Agys - o Tt’ Ay 1 = a€2m’73’T 1Ay, = Ay g
—1 ~1 -1
Tt a'£/1 = aést agé = agi, ey TS, a€/2m/71 = agém/ 3 Tt’ a£/2m a€/2m/71.

Hence the vector space isomorphism @ : 55+ = Mg given by n2i41 = aeyyy,
Myip1 ag,,, (i € [0,(m—2)/2]), no — agy, Nm — ag,, satisfies ®(T h) = T, P(h),
®(T;h) = T;®(h) for any h € SﬁK. Since (TsTiTs...)mh = (TiTsT; ... )mh for
h € $k, we deduce that 2.3(a) holds in our case.

2.9. Assume that we are in case 1.4(vi). We define some elements of $ as follows:

TIO = TS?n/ + Tt'rn/ + (1 —u-— u2)(Ts'rn/71 + Tt'rn/fl)

+(l—u—uw?+u®+u)(Ts,, ,+ T, )+

+(l—u—u?+u® Fut —ud — o (1) 22—y g2 3
+ (=)™ TP (T, + Ty

+ (1 +u—u?—ud+ut +d° —-~-—|—(—1)m/_1u2m/—2

+ (=D (=)™ ),
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M2 = Tsno,ma = Tin2, .. s N2ms = ToMam—2, M2m/+1 = LT Moms,

My = Tnos s = Tl -+ s M = ToTos Mo 1 = T M-
For example if m = 7 we have
No = Tsts + Tost + (1 —u — u*)Tos + (1 —u — u*)Top + (1 — u — u? + u® + u*) T}
+(l—u—w?+u®+uT + (1 —u—u?® +u® +ut —u® —ub),

N2 = Tetst —uTsps+u?Tsp+(u® —u’ — 4)T +(u? = —uh)T, +(u2—u3—u4+u5+u6),
nh = Tysts —uTy g+ Top 4 (u? —ud —u*) Ty 4 (u? —u® —u) T+ (u? —ud —ut +u’ +u®),
s = Tapsts — Wlspst + U Tops — 0Ty + Ty + Ty + (u* — u® — u),

My = Tostst — Wlists + u’Thsy — 0Ty + 0Ty + u' Ty + (u* — u® — uf),

6 = Tststst — Wlststs + uTstsr — uTops + u' Ty — uPTy + 0,
77é = Tyatsts — UTystst + U2 Tysps — uThor + uThy — u Ty + U67

777 = 77/7 = ('LL + 1)_1(T5tststs - UTststst - UTtststs + UQTststs + UQTtstst - U/BTstst
— WThets + U Taps + uThsr — u’ Ty — u’Tys + uOTs + ulTy — U7)-
One checks by direct computation in 5 that

(a) T =My = (u+1)7" Y (—u)™'WIT,

yeWk
and that the elements 79, 12, 15, 4, My« N2m ,an,, Nm are linearly independent
in .6 K; they span a subspace of .6 x denoted by .6 - From (a) we deduce:

(b) (Tsth/Tsl . TtTS)m’—I—an == (Tt’Ts’Tt’ . TsTt)m’—l—an-

We have
o = Ts_1772: 2 = Tt_1774: sy M2m—2 = T571772m’7772m’ = Tt_/1772m’+1,
o = Tt_lnév 775 = Ts_lnzllv AR ném’—Z - Tt’_lnémHném’ = Ts_’anm’—l—l-

It follows that 53}} is stable under left multiplication by Ts and T} hence it is a left
ideal of . From the definitions we have

a€2 = TSa{O’ a£4 - Tta‘gZ’ Tt a€27n/ = Tsla€27n/72’ a£27n/+1 = Tt/a'£27n”
0]
ag, = Tiag, ag, = Tsagy, ... ag,  =Tvag, , ag ,  =Tyag,,,
ag. = T Yae,, ae, =T 'a a =T7'a a = %_1a
o — Ls Eas Wy — L4 Ear e o Ws o = Lot W&y 1y WEyr — Ly fzm/+17
ag. = T Yae aer = T Yag , Qg =T ae ae :%_1a
o t 52’ 52 S 547 t £2m’ 2 t’ £2m’ ) £2m’ s’ £2m/+1 .

Hence the vector space isomorphism ® : $7 P Mg, given by Noi V> Qgy,, Moy F ag,
(¢ € [0,(m —1)/2]), nm — ag,, satisfies ®(Tsh) = TsP(h), ®(Ti:h) = Ty P(h) for
any h € .6} Since (TsTiTs . ..)mh = (IiTsT; . .. )mh for h € 55}, we deduce that
2.3(a) holds in our case.
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2.10. Assume that we are in case 1.4(vii). We define some elements of Hx as
follows:

mo=Ts , +T , +1—u’)(Ts , +Tp , )

+ (=2 +u Ty, +Te, )+

+(1=2u+2u* — 4 (=1)™ 220207 =2 ()™ L2V DY (T 4+ Ty
F (1= 20?420t — o (1) 12020 D ()™ ),

ne = Tsno, na =1Tinz, ..., N2m/ = Ty Nom —2,
5 = Tinos Ny = Tsas -+, Moy = Ty o
For example if m = 8 we have
Mo = Ttst + Thrsts + (1 — u?) T + (1 — u?) Tpge + (1 — 20 + u*) Ty
+ (1 = 2u® + uM Ty + (1 — 2u® + 2u* — uT, + (1 — 2u® 4 2u* — )T+
(1 —2u? 4 2u* — 2u8 + u®),

T2 = Tststs + U2Tt5t + (U2 - U/4)Tst + (UQ - u4)Tts + (U2 - 2U4 + U6)Ts
+ (u? = 2u* + )Ty + (u? — 2u® + 208 — uB),

Ué = Thotst + U Tps + (U2 - U4)Tst + (U2 - U4)Tts + (U2 —2u* + U6)Ts
+ (u? = 2ut + O T} + (u? — 2u® + 208 — ub),

Mg = Thorsts + ' Toy + (u* — u®) Ty + (u? — u®) T} + (u? — 28 + u®),
my = Tarstst + ' Tys + (u* —u®) Ty + (u* — u®) Ty + (u? — 2u° + ),
N6 = Tstststs + uSTy + (u® — ub),

6 = Tiststst + u®Ts + (u® — u®),
ng = 77;/3, = Tstststst + us.

One checks by direct computation in 5 that
(a) M = M, = T, +u™

and that the elements g, 72,75, M4, M4, - - - N2m’, My Tm are linearly independent
in Hg; they span a subspace of $x denoted by .6}}. From (a) we deduce:

(C) (Tt/TS/ RPN Tth)m/T]O == (TS/Tt/ .. .TSTt)m/’l]().
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We have
—1 —1 —1
nOZTs 7727772:Tt N4y -5 N2m’—2 :TS/ Nom/,
—1 —1 —1
770:1—;& névné:TS n:17'--7ném’—2 :Tt’ ném’

It follows that 53}} is stable under left multiplication by Ts and T} hence it is a left
ideal of . From the definitions we have

Agy, = TSCEE(): gy = Ttafzv ey Ay = Tslagzmbz’

agé = Ttago, a& = Tsa§’27 ey aéém’ = Tt/agx

27n/72,

_ 1 -1 _ 1
agy = T Ay Aty = 1y Agyy vy Aty 5 = Ts’ Agypnr
ag. = T Yaer, aer = T Yag g’ =T ay
&o t 52’ 52 S 54’ Tt 52m1_2 t/ gzm/ .

Hence the vector space isomorphism & : .6}} =5 Mg given by n2; — Ay, Moy ag,
(i € [0,m/2]) satisfies ®(Tsh) = Ts®(h), ®(T;h) = T;®(h) for any h € H};. Since
(TsTiTs ... )mh = (T TsTy .. . )b for h € 53}}, we deduce that 2.3(a) holds in our
case. This completes the proof of Theorem 0.1.

2.11. We show that the $-module M is generated by a;. Indeed, from 2.2(i) we
see by induction on [(w) that for any w € I, a, belongs to the $)-submodule of
M generated by a;.

3. PrROOF OF THEOREM 0.2

3.1. We define a Z-linear map B : M — M by B(u"ay) = €pu Tt ay- for any
w € I,,n € Z. Note that B(a1) = a;.

For any w € I, s € S we show:

(a) B(Tsay) = T; ' B(ay).
Assume first that sw = ws* > w. We must show that B(ua, + (u + 1)as,) =
T;1B(a,) or that

u ey Tt aws — (U + e Tl vagew = T e Tipt e
or that
-1 —1p—1 _ —1p—1
Tty — (U 1)T i T geqpr = ulye T o™ Qo
or that
Tty — (U4 1)agrpr = Uy

This follows from 0.1(i) with s, w replaced by s*, w*.

Assume next sw = ws* < w. We set y = sw € L, so that sy > y. We must
show that B((u? —u — 1)asy, + (u? — u)a,) = T, ' B(as,) or that
*as*y*

—(u % —ut — 1>€yTS_*]?;*as*y* + (u™? - U_l)EyTy_*lay* = _Ts_leyTs:%,
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or that
—2 -1 —1p—1 —2 —1\—1 —1—2
(Ut =T = )T T agey + (" —u™ )T ays = =T Toagey
or that
—(u_2 — u_l — 1)T811a8*y* + (’LL_2 - u_l)ay* = _TS_*Qas*y*
or that

—(1—u—uH)agy + (1 — ) Tgeay = —(Tor + 1 —u?)agey-.
Using 0.1(i),(ii) with w, s replaced by y*, s* we see that it is enough to show that

— (1 —u—uP)agy + (1 —u)(uay + (u+ 1)ag,~)

2

= —(u® —u—1)agy — (u* —w)ay: — (1 —u’)asy

which is obvious.
Assume next that sw # ws* > w. We must show that B(agyus) = T 1 B(ay)

or that

€wTitsUsrrs = To P €Tt Qe
or that

TAT T s = T Tt G-
or that

Agrprs = g Qo .

This follows from 0.1(iii) with s, w replaced by s*, w*.
Finally assume that sw # ws* > w. We set y = sws™ € I, so that sy > y. We
must show that B((u? — 1)asys+ + u?ay) = T, ' B(asys) or that

(u™? — 1)eyTSZ?1J*SaS*y*S + u_26yTy_*1ay* = Ts_leyTSZ;*sas*y*s
or that
= DT T s + u 2Tt aye = T T T T ageye
S Yy s Yy Yy Yy s S Yy s Yy
or (using 0.1(iii) with w, s replaced by y*, s*) that
-2 —1p—1 —27—1 —1p—1p—1
(W =DTg Tay +u "Tay =T, T T ay
or that
(w2 =T +u 2 =TT

which is obvious.

This completes the proof of (a). Since the elements T generate the algebra 9,
from (a) we deduce that B(hm) = hB(m) for any h € $,m € M. This proves the
existence part of 0.2(a).

For n € Z,w € I, we have

B(B(u"ay)) = €uBu " T  aye) = €wwr " Tye-1T tay = Uty

Thus B? = 1. The uniqueness part of 0.2(a) is proved as in [LV, 2.9]. This
completes the proof of 0.2(a). Now 0.2(b) follows from the proof of 0.2(a).
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4. PROOF OF THEOREM 0.4

;. —_—
a,y = E Ty,way

y€el,

4.1. For w € I, we have

where 7, ,, € A is zero for all but finitely many y. (This r,,, differs from that in
[LV, 0.2(b)].)
For s € S we set T! = u='T,. We rewrite the formulas 0.1(i)-(iv) as follows.
(i) Tlal, = al, + (v + v~ Y)a,, if sw = ws* > w;
(i) Tla!, = (u—1 —u"Yal, + (v —v71)d,, if sw=ws* < w;
(iil) Tay, = al,,s- if sw # ws* > w;
(iv) Tlal, = (u —u=Y)al, + al, ¢ if sw # ws* < w.

4.2. Now assume that y € L, sy > y. From the equality T/a) = Tg(a;) (where
T! =T!+u"t —u) we see that

S gl + (v Tagal (f sy =ys*) or Y Tasgeral (if sy # ys®)

is equal to
—_— —_— -1y ./
g Tzyy + E Tzy(U+v " )al,
Tr;sT=x8*,5x>T T;8T=TS*,8T>T
—_— -1y, ./ —_— -1,/
+ E Togu—1—u"")a, + E Toy(U—0v "a,,
T;8T=x8*, 5T Tr;sr=xs*,sx<T
i —-— —1y ./ —-—
+ E : Tr,ylsps* + E : rr,y(u —u )ax + E : Ta,ylsgps
T;STHTS*,sT>T T;sTrH#Ts* sx<lx Ti;srFrs* ,sx<x

+ (W —u) ) Taydy
xT
= Z Tayh + Z Torg (v + v Hal,

Tr;sT=x8*,5x>T T;8T=x8*,5x<T
—_— -1y, ./  — -1,/
+ Z vay(u —1-u )am + Z Tsw,y(v -0 )am
T;8Tx=x8*, 5T T;8Tx=x8*,5T>T
§ —_— § —_— —1 / § —_—
+ TSI'S*:ya/I + r‘ray(u —u )CLI + TSIS*’yal’
T;sTrH#Ts*,sx<lx T;sTrH#Ts*,sx<lx T;STHXTS* ,sT>T

=) Y Tyl

Hence when sy = ys* > y and z € I, we have

Tosy = Tsay(V — v 4+ (ut = U)Tgy if sz = 28" > x,

Tosy = —2Tzy + Tszy(v+ vl if sz = xs* <z,

)
( )
(v+ v_l)rm“s,y = Togsry + (wt—1- W)Tgy if sz # xs* > x,
( )

v4ovt Tosy = —Tzy + Tszsry if ST # 5™ < x;
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when sy # ys* > y and = € I, we have

Tosys® = Tsmy (U — v_l) + (u_l +1—u)rg, if szt =" > x,

1 .
Tosys® =Tsz g+ 0 ") =Ty, if sz = s <z,

1 . *
Tx,sys* = Tsxs*y + (U - U/)Tm,y if sz §£ rs >,

. *
Tz syst = Tsps=y i ST # 8" < .

Applying ~we see that when sy = ys* > y and x € I, we have

(V+ v sy = Tewy (VT =) + (u—u )y, if s7 = 25% > 1,
(v4v 1)rm7sy =2y + rspy(v+ vl if sz = xs* <z,
(v4v 1)rm7sy = Tegsry+(u—1— u_l)rm,y if sx #£ xs™ > x,

(a) (v4v~ )T%Sy = —Tgy + Tspse y if 5T # x5 < x;

when sy # ys* > y and = € 1., we have
e syst = Tsey(0 T —0) + (u+ 1 —u"Hr,, if sz = 2s* >z,
Tg,sys* = rsx,y(U + U_l) —Tzy if sx = xs* < x,
Tosyst = Tsasey + (U —u" 1)y, if s7# 28* > 1,

(b) Ty syss = Tsps*y if ST # xs™ < .

4.3. Setting 1), , = v WF@ ol = o7 OF@FEE for 2w € I, we can
rewrite the last formulas in 4.2 as follows.
When z,y € L., sy = ys* > y we have

(v ), =v il (0T =)+ (u—u ), if sz =35t >
(v+v Nr, = =21, + 7l o+ oY) if sz =as* <,
(v+v Mor, ,, = v_zr;ms* g+t w—1—u ) if sz # x5 > 1,
(v+v Mor), ,, = y TV gy if 5T £ 35% < .
When z,y € L, sy # ys* > y, we have
VY gyer = Tha v (07 = 0) + (w41 —u ) if sz =as* > 1,
VY gyer = Tha (0 +071) =1 if sz = 25" <,
VY gyer =V Thpgey + (w—uT )l if sz #£ 25t > w,

2./ 2.0 : *
VT syse = U Tgpen y i 8T # 28" < .

STSs
When z,y € I,, sy = ys* > y we have
(o Nory , =v il (v —oTh) + (T =)l if sz =35t >
Ny =2 v+ v i s = a5t <,

i 2.1

( )
(v+ov M), = v_zr;'ws* g+ W =1 =)y if sz # x5 > a,
(v+ v_l)vrx’sy = y T U Tgpen, if 8T # 25" < .
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When z,y € L, sy # ys* > y, we have

VY e =T v (0 =0T+ (w1 =)y if sz = a8t > a,
7)27’;{,5@,5* = T;/I,yv(v +o71) — rg’y if sz = zs™ < x,

UQT;{,sys* = 'U_Qrgxs*’y + (U_l — U’)T/x/,y if sx §£ st > x,

UQT‘Z’SyS* = erg’xs*’y if sz # xs* < x.

Proposition 4.4. Let w € 1,.
(a) If v € L, 15 # 0 then z < w.
(b) If v € L., < w we have ), ,, = Z[v™?], rll , = Zv™?].

We argue by induction on {(w). If w = 1 then r;,, = 6,1 so that the result
holds. Now assume that [(w) > 1. We can find s € S such that sw < w. Let
y=seow €I, (see 0.6). We have y < w. In the setup of (a) we have 7, ey 7# 0.
From the formulas in 4.3 we deduce the following.

If sx = ws* then ry, , # 0 or 7, # 0 hence (by the induction hypothesis)
sx < yorx<y;if r <y then r < w while if sz < y we have sx < w hence by
[L2,2.5] we have z < w.

If sx # ws* then rg, .., # 0 or v, # 0 hence (by the induction hypothesis)
sxs* <yorx <y;if x <y then z < w while if szs* <y we have sxs* < w hence
by [L2, 2.5] we have x < w.

We see that z < w and (a) is proved.

In the remainder of the proof we assume that x < w. Assume that sy = ys*.
Using the formulas in 4.3 and the induction hypothesis we see that v(v+v=")r/, ,, €
v Zv?, v(v+v ), € v*Zlv~?]; hence 1, ,, € Z[[v?]], v}, € Z[[v™?]]. Since
hw € Lo, v, vl € Zlv, v, it follows that ), € Z[v™2], rl € Z[v™?].

Assume now that sy # ys*. Using the formulas in 4.3 and the induction hy-
pothesis we see that v?r), , € v*Z[v™?], v*r!) ,, € v*Z[v~?]; hence 1, € Z[v™?],

7l € Z[v™?]. This completes the proof.

Proposition 4.5. (a) There is a unique function ¢ : I, — N such that ¢(1) =0
and for any w € I, and any s € S with sw < w we have ¢p(w) = ¢(sw) + 1
(if sw = ws*) and ¢p(w) = P(sws*) (if sw # ws*). For any w € I, we have
I(w) = ¢(w) mod 2. Hence, setting r(w) = (—1)HWI+6WN/2 for ) € 1, we have
k(1) =1 and k(w) = —k(s e w) (see 0.6) for any s € S,w € I, such that sw < w.

(b) If x,w € I,,z < w then the constant term of r., ,, is 1 and the constant

term of v/, is k(z)k(w) (see 4.4(b)). o

We prove (a). Assume first that x is the identity map. For w € I, let ¢(w)
be the dimension of the —1 eigenspace of w on the reflection representation of W.
This function has the required properties. If * is not the identity map, the proof
is similar: for w € I, ¢(w) is the dimension of the —1 eigenspace of w7 minus the
dimension of the —1 eigenspace of T" where T' is an automorphism of the reflection
representation of W induced by .
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We prove (b). Let nj, ,, (resp. n} ,,) be the constant term of 77, (resp. ry ).
We shall prove for any w € I, the following statement:

(c) If v € Li,x <w thenn), ,, =1 and 0y, =ny ny, €{1,-1}.
We argue by induction on [(w). If w = 1 we have r, , = 7, ., = 1 and (c) is
obvious. We assume that w € I,,w # 1. We can find s € § such that sw < w.
We set y = s e w. Taking the coefficients of v? in the formulas in 4.3 and using
4.4(b) we see that the following holds for any x € I, such that z < w:

/ o 7 7
My = Mgy Mgy = Mgy I ST > 1,

(by [L2, 2.5(b)], we must have z < y) and

/ W "o .
Ny = Msew,ys N w = Nsexy i ST < T

(by [L2, 2.5(b)], we must have s e z < y).
Using the induction hypothesis we see that n), ,, = 1 and

1

o "noon
Ny w = —N g, if sT > T,

7
Ny = N7 gz 4 i 57 <.

Also, taking x = 1 we see that
(d) ny,
Returning to a general z we deduce

7 T
Mg = M 417 4 i ST >,

"

o 7 "o
Ny w = ~N1 sz 4 i ST < T.

Applying (d) with w replaced by = we see that ny, = —nf ., if sv < z. This

shows by induction on [(z) that n{, = k(x) for any = € I.. Thus we have
Ny = M x4 = K(x)k(w) for any x < w. This completes the inductive proof of
(c) and that of (b). The proposition is proved.

4.6. We show:

(a) For any x, z € L, such that © < z we have Zyel*;mgygz ToyTyz = O 2.
Using the fact that = : uM — M is an involution we have

A
az—az—g ryza E ry,za E E ryzrxya

yeL, yel, yel, xel,

We now compare the coefficients of a/, on both sides and use 4.4(a); (a) follows.
The following result provides the Mobius function for the partially ordered set
(L., <).
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Proposition 4.7. Let z,2 € L,x <z. Then 3 o1 ,<,<. K(@)E(Y) = 0z 2.

We can assume that © < z. By 4.4(b), 4.5(b) for any y € I, such that x <y < 2
we have

Toaly: = Ul(y)—l(m)UZ(Z)—l(w)TgvyT;J’Z e Ul(z)_l(m)(/{(l‘)/{(y) + v_QZ[v_Q]).
Hence the identity 4.6(a) implies that

Z ') g (2)k(y) + strictly lower powers of v is 0.
y€La<y<z

In particular, k(x)k(y) = 0. The proposition is proved.

y€L;xz<y<z

4.8. For any w € I, we have

(a) Tww = L.

Indeed by 4.4(b) we have 1y € Z[v 2], To.w € Z[v™2] hence 7, is a constant.
By 4.5(b) this constant is 1.

4.9. Let w € I,. We will construct for any x € I, such that x < w an element
ug € A~ such that

(a) ug =1,

(b) uy € Arg, Ug — Uy = Zyel*;x<y§w TzyUy for any z < w.
The argument is almost a copy of one in [L2, 5.2]. We argue by induction on
l(w) —I(x). If l(w) —Il(x) = 0 then x = w and we set u, = 1. Assume now that
l(w) = l(x) > 0 and that u, is already defined whenever z < w, l(w) — I(2) <
[(w) — l(x) so that (a) holds and (b) holds if = is replaced by any such z. Then
the right hand side of the equality in (b) is defined. We denote it by o, € A. We
have

Oy + O = g Teyly + E To,yly

yelLgr<y<w yelz<y<w
= § : Ta,yUy + § : Ty (Uy + E : Ty,2Uz)
yeLjz<y<w yeL r<y<w z€ly<z<w
yelir<y<w zelx<z<w zelx<z<w yel;x<y<z
= g g Toyly, Uz = g 0z Uy = 0.
zeljr<z<wyelgr<ly<z zelx<z<w

(We have used 4.6(a), 4.8(a).) Since o, +a, = 0 we have a, = ), . v,v" (finite
sum) where 7,, € Z satisfy v,, + 7_,, = 0 for all n and in particular 9 = 0. Then
Uy = — 2n<0 vt € A satisfies 1, — u, = a,. This completes the inductive
construction of the elements u,.
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I /
We set Ay =3 c1..y<uw Uyay € M<,. We have
_ = ol — = /
A, = g uyay, = g Uy E Tzy0y
yely<w yelgy<w  zeliz<y
— / /
= E ( §  Toyly)ay = E Ug iy = A
zel ;x<w yele<y<w zel ;x<w

We will also write uy = m, ., € A< so that
A, = Z Ty Gy -
yely<w
Note that my ., =1, myw € Ao if y < w and

7ry7w = : : Ty7Z7TZ7w'

zel;y<z<w

We show that for any x € I, such that x < w we have:

(c) VM) =@z € Z[v] and has constant term 1.
We argue by induction on I(w) —I(z). If l(w) —Il(z) = 0 then z = w, 7, ,, = 1 and
the result is obvious. Assume now that I(w) — I(z) > 0. Using 4.4(b) and 4.5(b)
and the induction hypothesis we see that

E - E —l(y)+i(z) 7
Txayﬂ-yﬂu - v ’rl‘,yﬂ-y7w

yeLgr<y<w yeLjz<y<w
is equal to
Z v @) (1) g (y) o~ W HW) = = Hw)+H@) Z r(x)k(y)
yelor<y<w yelr<y<w

plus strictly higher powers of v. Using 4.7, this is —o—{®)+{®) plus strictly higher
powers of v. Thus,

Tow — Tz w = —p~tWH=) 4 plus strictly higher powers of v.

Since Ty € vZ[v], it is in particular a Z-linear combination of powers of v strictly
higher than —I(w) + I(x). Hence

—TMypw = —p U @H@) L plug strictly higher powers of v.

This proves (c).
We now show that for any = € I, such that x < w we have:

(d) W@ € Zlu, uTY.
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We argue by induction on l(w) — I(z). If [(w) —l(z) = 0 then x = w, Ty, =1
and the result is obvious. Assume now that [(w) — I(xz) > 0. Using 4.4(b) and the
induction hypothesis we see that

E — E —l(y)+i(z)
vayﬂ-y,w - v Tm,yﬂ-y,w

yelz<y<w yelLgz<y<w
belongs to
Z U—l(y)+l(m)v—l(w)+l(y)Z[U2’U—2
yelLz<y<w
hence to v~{W) @) Z[y2 y~2]. Thus,
Mo — Taw € U—l(w)+l(w)z[v2’ v

It follows that both 7, and 7, belong to v‘l(w)Jrl(m)Z[vQ,v_z]. This proves
(d).

Combining (c), (d) we see that for any = € I, such that z < w we have:

(e) WMW)=U&) = Py, where P7 € Z[u] has constant term 1.
We have

Ay = v Z P ,ay.
yeLiy<w

Also, P, =1 and for any y € L., y < w, we have deg Py, < (I(w) —I(y) —1)/2
(since 7y, € A_(). Thus the existence statement in 0.4(a) is established. To prove
the uniqueness statement in 0.4(a) it is enough to prove the following statement:

(f) Let m,m' € M be such that m =m', m —m/ € M.,. Then m =m/.
The proof is entirely similar to that in [LV, 3.2] (or that of [L2, 5.2(e)]). The proof
of 0.4(b) is immediate. This completes the proof of Theorem 0.4.

The following result is a restatement of (e).

Proposition 4.10. Let y,w € I, be such that y < w. The constant term of
Pg ., € Zlu] is equal to 1.

5. THE SUBMODULE M¥ or M

5.1. Let K be a subset of S which generates a finite subgroup Wy of W and
let K* be the image of K under *. For any (Wg, Wg~)-double coset Q in W we
denote by dqg (resp. bg) the unique element of maximal (resp. minimal) length
of Q. Now w — w*~! maps any (W, Wi~)-double coset in W to a (W, Wi )-
double coset in W; let IX be the set of (W, Wi~ )-double cosets € in W such
that () is stable under this map, or equivalently, such that dg € I, or such that
b € I.. We set
Py = Z u'®@ € N[u.
zeWk
If in addition K is *-stable we set

Py.= 3 @ eNu
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Lemma 5.2. Let Q) € I*K. Let x € I, N Q and let b = bg. Then there exists a
sequence r = g, x1,...,Tn, = b in L, NQ and a sequence s1,S2,...,8, in S such
that for any i € [1,n] we have x; = s; ® x;_1.

We argue by induction on [(x) (which is > [(b)). If I(z) = I(b) then z =
b and the result is obvious (with » = 0). Now assume that [(x) > [(b). Let
H = Kn (bK'b™1). By 1.2(a) we have x = cbzc*~! where ¢ € Wk, z € Wiy
satisfies bz = z*b and [(x) = l(c) + (D) + I(2) + l(c). If ¢ # 1 we write ¢ = sc/,
s € K,d € Wk, ¢ < cand we set ©1 = ¢/bzd’*~1. We have z; = sxs* € Q,
[(x1) < l(x). Using the induction hypothesis for x; we see that the desired result
holds for . Thus we can assume that ¢ = 1 so that x = bz. Let 7 : Wy« — Wy
be the automorphism y ~— b~1y*b; note that 7(H*) = H* and 72 = 1. We have
z €1, where I, := {y € Wg-;7(y) "t =y}

Since [(bz) > I(b) we have z # 1. We can find s € H* such that sz < z.

If sz = z7(s) then sz € I, bsz € Q, l(bsz) < Il(bz). Using the induction
hypothesis for bsz instead of x we see that the desired result holds for x = bz. (We
have bsz = tbz = bzt* where t = (7(s))* € H.)

If sz # z7(s) then sz7(s) € I, bszr(s) € Q, l(bsz7(s)) < l(bz). Using the
induction hypothesis for bsz7(s) instead of = we see that the desired result holds
for x = bz. (We have bsz7(s) = tbzt* where t = (7(s))* € H.) The lemma is
proved.

5.3. For any Q € IX we set

Let M® be the A-submodule of M spanned by the elements aq () € 1K ). In other
words, MX consists of all m = Zwel* M@y € M such that the function I, — A
given by w — m,, is constant on I, N2 for any 2 € I,.

Lemma 5.4. (a) We have ME = ﬂseKM{s}.
(b) The A-submodule MX is stable under —: M — M.
(c) Let S=3  c, Tr €9 and let m € M. We have Sm € ME.

We prove (a). The fact that M5 ¢ M} (for s € K) follows from the fact
that any (W, Wk~ )-double coset in W is a union of (Wy,y, Wy« )-double cosets
in W. Thus we have M ﬁseKM{s}. Conversely let m € ﬂseKM{s}. We have
m = Zwel* MGy € M where m,, € A is zero for all but finitely many w and
we have my,, = Mgsey if w € I, s € K. Using 5.2 we see that m, = my, = my
whenever z,2’ € I, are in the same (Wg, Wig~)-double coset €2 in W. Thus,
m € M*. This proves (a).

We prove (b). Using (a), we can assume that K = {s} with s € S. By 1.3,
if @ € I, then we have Q = {w, s e w} for some w € I, such that sw > w.
Hence it is enough to show that for such w we have a,, + e € M (s} We have
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Ay + Qsery = Zmel* mga, with m,; € A and we must show that m, = mge, for
any x € L. If we can show that fd, T Gsen € M1®} for some f € A — {0} then
it would follow that for any x € I, we have fm, = fmgse, hence m, = Mmgqe, as
desired. Thus it is enough to show that

(d) (w4 1)ag F agw € M} if w € I, is such that sw = ws* > w,

(€) Gy + Asys € MUt if w e 1, is such that sw #ws* > w.
In the setup of (d) we have

(u_l + Day + a5 = (u+ 1) (ay + asw) = (Ts + Day = Ts + 1(ay)
=u (T, + 1)ay,

(see 0.1(i)); in the setup of (e) we have
g T Gswse = (T + 1)ay = Ts + 1(@y) = u (Ts + 1) (@)

(see 0.1(iii)). Thus it is enough show that (T, + 1)(@y) € M} for any w € I,.
Since @, is an A-linear combination of elements a,,z € I, it is enough to show
that (T, 4+ 1)a, € M}, This follows immediately from 0.1(i)-(iv).

We prove (c). Let m" =Sm =3 ., mi,a,, m,, € A. For any s € K we have
S = (Ts+1)h for some h € $ hence m’ € (Ts+1)M. This implies by the formulas
0.1(1)-(iv) that m!, = w/,,, for any w € I,; in other words we have m’ € M},

Since this holds for any s € K we see, using (a), that m’ € M*. The lemma is
proved.

5.5. For ,Q € IX we write Q < € when dq < dq/. This is a partial order on
IX. For any Q € IX we set

ag) = U_l(dQ)CLQ — Z 'Ul(x)_l(dﬂ)a//x.

z€QNIK

Clearly, {a,; Q' € IX} is an A-basis of M. Hence from 5.4(b) we see that

o 2 : "
aq = T Qagqy

Q eIk

where 7o/ o € A is zero for all but finitely many 2’. On the other hand we have

T —Il(x)+1(da I
(a) Q= > vl Ty
zeQNl, yel ;y<z

hence

I(x)—=1(d
roLQ = > ')y
x€QNI,;dg <x
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It follows that

(b) roqa=1

(we use that r4, 4, = 1) and

(c) roa#0 = Q <Q.

Indeed, if for some x € Q2 NI, we have do < z, then do < dg. We have

ab = ’Q: E T‘Q/’QCLIQ, = E TQ/’Q E TQ//’Q/CLQ)//.

QelXk Qelk Qelx
Hence
(d) > Tararaa = Sa.ar
Q' eIk
for any Q, Q" in IX,
Note that
(© = dy, mod M,

Indeed, if x € QNIE, 2 # dg then I(z) — I(dg) < 0.

5.6. Let Q € If . We will construct for any Q' € If such that Q' < Q an element
ugr € A< such that

(a> Ugg = 17

(b) uqr € Aoy, Uy — uqr = D qgrerx,orcqr<q T 0 ugr for any Q' < Q.
The proof follows closely that in 4.9. We argue by induction on I(dg) — I(dg/). If
l(dq) — l(dg’) = 0 then ©Q = Q' and we set ug = 1. Assume now that [(dg) —
l(dg/) > 0 and that ugq, is already defined whenever ©y < Q, I(dq) — l(dg,) <
l(da)—1(dg’) so that (a) holds and (b) holds if €’ is replaced by any such €. Then
the right hand side of the equality in (b) is defined. We denote it by ag € A. We
have agq/+agq” = 0 by a computation like that in 4.9, but using 5.5(b),(c),(d). From
this we see that ag: = >, 5 vav™ (finite sum) where v, € Z satisfy v, +v_,, =0
for all n and in particular 79 = 0. Then ug = —Zn<0 mv" € A, satisfies
ugq — uq = ag. This completes the inductive construction of the elements wugy:.

We set Ag = ZQ/615;9/<Q ugrag, € Mo N M*. We have

(C) A—Q = AQ.

(This follows from (b) as in the proof of the analogous equality A, = A,, in 4.9.)
We will also write ugr = 7 o € A< so that

Ag = Ty Qe .
Q Q,QUQ
QEIN ;<O
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We show
(d) Ag — Ag, € M .

Using 5.5(a) and 7o o € A o (for ' < Q) we see that Ag = aﬁin mod M _g; it
remains to use that Agq, = ay  mod M _,.
Applying 4.9(f) to m = Aq, m' = Ay, (we use (c),(d)) we deduce:

(e) AQ = Adg-
In particular,
(f) For any Q € I we have Agq, € M* .

5.7. We define an A-linear map ¢ : M — Q(u) by ((ay) = ul(w)(z—ﬁ)‘ﬁ(w) (see
4.5(a)) for w € I.. We show:

(a) For any x € W,m € M we have {(Tym) = u?®((m).
We can assume that © = s,m = a,, where s € S,w € I,. Then we are in one of
the four cases (i)-(iv) in 0.1. We set n = l[(w), d = ¢(w), A = Z—ﬁ The identities
to be checked in the cases 0.1(i)-(iv) are:

w?u" A = wu N+ (u 4+ Du TN
WA = (u? —u — Du" A+ (u? — w)u" "IN
'LLQ'LLn)\d — un—|—2)\d,
u2un)\d — ('LL2 . 1)un)\d + u2un—2)\d,
respectively. These are easily verified.

5.8. Assuming that K* = K, we set

-1
R = Z ul(y)(“_1)¢(y) € Q(u).
yeEWK;y*=y~* ut

Let Q € IX. Define b, H, T as in 5.2. Let
WH = {c € Wk;l(w) < l(wr) for any r € Wg}.

Using 1.2(a) we have Y o1 ((aw) = Zcewgg u?(©) ¢ (ap) R~ - (u) hence

(a) Y law) = Pr(u?)Pr(u?) " ¢(ap) R o (u).

We have the following result.
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Proposition 5.9. Assume that W is finite. We have
(a) Rsx(u) = Ps(u?)Pg . (u)~t.

We can assume that W is irreducible. We prove (a) by induction on |S|. If
|S| < 2, (a) is easily checked. Now assume that |S| > 3. Taking sum over all
Q € IX in 5.7(a) we obtain

Ros(u) =Pr(u?) > Pyw?) " (a)Ru- - (u)

Qelk

where b, H, 7 depend on 2 as in 5.2. Using the induction hypothesis we obtain
Rs,(u) = Pre(u?) Y ((ap)Prr(u)".

QelX
We now choose K C S so that Wi is of type
An_l, Bn_l, Dn_l, Al, B3, AS, D?, E?, I2<5), H3
where W is of type
An, Bn, Dn, GQ, F4, EG, E7, E8, Hg, H4
respectively. Then there are few (Wx, Wi+) double cosets and the sum above can
be computed in each case and gives the desired result. (In the case where W is a

Weyl group, there is an alternative, uniform, proof of (a) using flag manifolds over
a finite field.)

5.10. We return to the general case. Let Q € IX and let b, H, 7 be as in 5.2. By
5.4(c) we have Sa, € M*. From 0.1(i)-(iv) we see that Sa;, = > yeant, fyay where
fy € Z[u] for all y. Hence we must have Sa, = faq for some f € Z[u]. Appplying
¢ to the last equality and using 5.7(a) we obtain Px (u?)((ap) = f > yeant. C(ay).
From 5.8(a), 5.9(a) we have

> Clay) = Pr(u?)¢(a) P o (u)”!

yeQNL,
where b, H, 7 depend on 2 as in 5.8. Thus f = Py~ - (u). We see that
(a) Sap =Py~ (u)agq.
5.11. In this subsection we assume that K* = K. Then Q := Wy € IX. We have
the following result.
(a) Ao = v M wK)gg,
By 5.6(f) we have Aq = faq for some f € A. Taking the coefficient of a,,, in
both sides we get f = v~{(¥x) proving (a).

Here is another proof of (a). It is enough to prove that v=!(“x)aq is fixed by
~ By 5.10(a) we have u~'(Wx)Sa; = u~(WK)P _ (u)ag. The left hand side of this
equality is fixed by since a; and v ~“¥x)§ are fixed by . Hence U_Ql(wK)PK’*(U)CEQ
is fixed by = Since v={"x)Pg . (u) is fixed by ~and is nonzero, it follows that
v wK) qq is fixed by 7 as desired.
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6. THE ACTION OF u~!(Ts + 1) IN THE BASIS (A,,)

6.1. In this section we fix s € S.

Let y,w € I.. When y < w we have as in 4.9, 7, = v_l(w)+l(y)P;w so that
Tyw € Ay if y <w and w4 = 1; when y £ w we set 7, ,, = 0. In any case we
set as in [LV, 4.1]:

() Tyw = Oy + iy 0"+ py ,v~> mod v Z[v~ "]
where iy, ,, € Z, ., € Z. Note that

(b) /’L?y,w % 0 = y < W, €y = —Cw,

(€) fyw 70 = Yy <w, ey = €.

6.2. As in [LV, 4.3], for any y,w € I, such that sy < y < sw > w we define
M, € Aby:

s N / ’ / /
My,w = Hyw — § : oy xla w — 5510,105*:“7;,511} + /“l’sy,w(;Sy:yS*
zely<r<w,sx<z
if €, = €w,
S 7 —1
My,w - “y,w(v +tv )
if €, = —€y.

The following result was proved in [LV, 4.4] assuming that W is a Weyl group
or affine Weyl group. (We set ¢ = u=1(Ts + 1) € §.)

Theorem 6.3. Let w € 1,.
(a) If sw = ws* > w then csAy = (v +v7 1) Ay + Zzel*;sz<z<sw M LA
(b) If sSw 7£ ws* > w then CSAw = ASIUS* + Zzel*;sz<z<sws* Mz,wAZ'
(c) If sw < w then csAy, = (u+u"1)A,.

(In the case considered in [LV, 4.4] the last sum in the formula which corresponds
to (b) involves sz < z < sw instead of sz < z < sws™; but as shown in loc.cit. the
two conditions are equivalent.)

We prove (¢). We have sw < w. By 5.6(f) we have A, € M} Hence
it is enough to show that c;m = (u + u~!)m where m runs through a set of
generators of the A-module M (s} Thus it is enough to show that cs(a; + aser) =
(u+u"t)(a; + aser) for any x € I,. This follows immediately from 0.1(i)-(iv).

Now the proof of (a),(b) (assuming (c)) is exactly as in [LV, 4.4]. (Note that
in [LV, 3.3, (c) was proved (in the Weyl group case) by an argument (based
on geometry via [LV, 3.4]) which is not available in our case and which we have
replaced by the analysis in §5.)

7. AN INVERSION FORMULA

7.1. In this section we assume that W is finite. Let M = Hom 4 (M, A). For any
w € I, we deﬁ:r}e a', € M by ayy(ay) = 0y for any y € IA* Then {a/,;w € L.} is
an A-basis of M. We define an $-module structure on M by (hf)(m) = f(h°m)
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(with f € M, meM, he $) where h +— h’ is the algebra antiautomorphism of
$ such that T, — T! for all s € S. (Recall that T/ = u~'T,.) We define a bar
operator —: M — M by f(m) = f(m) (with f € M, m € M); in f(m) the lower
bar is that of M and the upper bar is that of A. We have hf = hf for f € M,
h € $.

Let o : W — W be the involution x — wgzr*ws = (wgrwg)* which leaves S
stable. We have I, = wgl, = L.wg. We define the A-module M and its basis
{b.;z € I,} in terms of ¢ in the same way as M and its basis {a] ;w € L.} were
defined in terms of *. Note that M has an $)-module structure and a bar operator
"t M, — M, analogous to those of M.

We define an isomorphism of A-modules ® : M — M, by ®(a!,) = k(W) -
Here x(w) is as in 4.5(a). Let h ~ h' be the algebra automorphism of §j such that
T! — —T!7! for any s € S. We have the following result.

Lemma 7.2. For any f € M, h € $ we have ®(hf) = h1®(f).

It is enough to show this when A runs through a set of algebra generators of §
and f runs through a basis of M. Thus it is enough to show for any w € I,,s € S
that ®(T,a!,) = —T, '®(al,)) or that

(a) ©(Tsay,) = —K(W)TS by
We write the formulas in 4.1 with * replaced by ¢ and a;, replaced by b/,,,.:

Ty = Uips + (04071, if sw = ws™ < w,

T = (u—1—u" )b, + (v =0 ")b,,, if sw=ws">w,
Tibys = Vowsews i sW # ws™ < w,

Ty = (W —u" )by s + bhpgrns if SW # ws* > w.

Since T!7! = T! + u~! — u we see that

— T e = = (W 1= )b — (0 4+ 07 )y if sw = ws™ <w
_ T;_lb;uws — b;uws — (v — U_l)b;wws if sw =ws* >w
T Wy = 07— Wby — Yoy F s 05" <
(b)
_ Té—lb;ﬂws — —b’SwS*wS if sw # ws* > w
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Using again the formulas in 4.1 for Tja; we see that for y,w € I, we have

(Toa,)(ay) = a;,(Toay)
= Jsymys* >y0yw + Osyys >yOsyw(V + V1) 4+ Ssymysr<ylyw(u — 1 —u™t)

+ Osy=ys* <yOsy,uw(v — U_l) + Osytys >yOsys  w T Osystys <yOy,w(u — U_1>

+ Osystyst <yOsys* w

= Osw=ws*>w0y,w + sw=ws*<w0y,sw (v+ U_l) + 5sw:ws*<w5y,w(u —1- U_l)
+ Gswmws* >0y, sw0(V = V) + Ogwatws <wly sws*

+ Sswpws <wlyuw(U — 1) 4 Ssuwrtwst >wly,sws*

= (Oswerws*>wily + Oswmwss <w(V + 07k, + Sswmws <w(u — 1 —u"1)al,

+ Sswmws >w(V — v 1)al, + Oswtws* <uw gy sn

+ Oswpws* <w(t — U 1) Al + Sswotws > wapss ) (Ay)-
Since this holds for any y € I, we see that

/Al Al —1\ A/ —1\ At
TSCLw — 55w:ws*>waw + 5sw:w5*<w(v + v )asw + 5sw:w5*<w(u - 1 —Uu )aw
—1\ A/ ~l
+ 6sw:ws*>w(v —v )&Sw + 6sw7éws*<wa5w5*

—1\ A/ ~/
+ 6sw7éws*<w(u —u )Clw + 5sw;éws*>wasws* .

Thus we have

/

=al, + (v—vhHal, if sw=ws* > w,

=(u—1-uHal, + (v+ov Hal, if sw=ws* < w,

A~ . *
= Qe+ if SW F# W™ > w,

!
j=)
g~ g~ e~ e~

= (u—u"Nal, +al,, if sw#ws* < w.

so that

sSwWwg

®(Tldl)) = k(w)bl,,. + (v —v 1) K(sw)b! if sw=ws*>w
(u—1—u Hr(w)b,,. + (v+v ) K(sw)d. if sw=ws* <w

wWwWs sSwwg

b(T.al,) = k(sws*)b!

. *
swsrwg I SW F W™ > w

®(Tla),) = (u—u V) k(w)b), + Kk(sws*)b! if sw # ws* < w.

w sws*wg

From (b),(c) we see that to prove (a) we must show:
"{'(w)biuws + (’U - U_l)/{'(sw)b;wws

= k(W) — K(W)(V = V), s if W = ws* > w,
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(=1 = u™)a(w)bs + (v + 7 )R(5W)V 0
= —r(w)(u™" +1— b, —r(w)(v+v )b if sw=ws* < w,

SWwg

k(sws™)b! = —r(w)b. if sw # ws* > w,

sws*wg sws*wg

(u —u Y r(w)b, + k(sws*)b,

sws*wg

= —r(w)(u™t —u)bl,,. — k(w)b.

. *
wws swsrwg I SW #F ws” < w.

This is obvious. The lemma is proved.

Lemma 7.3. We define a map B : M — M by B(f) = ®1(D(f)) where the bar
refers to M,. We have B(f) = f for all f € M.

We show that

(a) B(hf) = hB(f) )
for all h € 9, f € M. This is equivalent to ®~1( (_ t hd—1
7.2) to hi®(f) = @(hd (P (f))) or (using 7.2) to hT(®(f)) = (B)1®(®~1(®(f)));
it remains to use that At = (h)T.

Next we show that

(b) B(ag,,) = ag

w

Indeed the left hand side is
o1 (®(al,,)) = @ (k(ws)b)) = k(ws)® (b)) = a;

ws wS’

as required. (We have used that b, = b} in M,.) Next we show:

(€) = dinyg

Indeed for y € I, we have

Wy ay) = @y (af) = @ (D Tayh) = TugwsOyuws = Syaus = i (a)
zel;z<y

(we use that 7,4 ws = 1). This proves (c).

Since hf = hf for all h € ), f € M we see (using (a),(b),(c)) that the map
f — B(f) from M into itself is $-linear and carries a;, . to itself. This implies that
this map is the identity. (It is enough to show that a;, generates the $-module M
after extending scalars to Q(v). Using 7.2 it is enough to show that b] generates
the $H-module M after extending scalars to Q(v). This is known from 2.11.) We
see that f = B(f) for all f € M. Applying ~to both sides (an involution of M)
we deduce that f = B(f) for all f € M. The lemma is proved.

7.4. Recall that a/, = Zyel*;ygw Tyway, for w € I.. The analogous equality in
M, is

(a) b, = Z re b, for x € L.

z,z%x
r€ly;x<lz

Here r7 , € A. We have the following result.
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Proposition 7.5. Let y,w € I, be such that y < w. We have

T’y’w = /{(y)/{(w)rfuws,yws'
We show that for any y € I, we have

Indeed for any = € I, we have

(af,) = ay,( Z Tataly) = Oy<aTyaz = Oy<aTy.w

'€l x’' <z

= Z Ty, (a5)-

wely<w

/N A
a;;(ax) - CL;J

Using (a) and 7.3 we see that for any y € I, we have

O (@(ay)) = > Ty,

It follows that ®(a}) = >_, 1. .y<w Ty,w®(ay,) that is,
( )blyws = Z T’y’wfi( )biuws
wely<w
Using 7.4(a) to compute the left hand side we obtain
K(y> Z /rlouws ywsb,wws = Z Ty,w'k‘"( )biuws
wel;wws<yws welL;y<w

Hence for any w € I, such that y < w we have ry ,k(w) = K(Y)T845 yuws- The
proposition follows.

7.6. Recall that for y, w € L, y < w we have ], = vl(w)_l(y)wy,w where m, ,, € A
satisfies Ty w = 1, Tyw € A g if y <w and

(a) Tow = D, Tyt

tely<t<w

Replacing * by ¢ in the definition of PJ,, we obtain polynomials P77 € Z[u]

(aj z € I,z < 2) such that Py = ! (2)= Z(I)W . where 77 . € A satisfies 77 , = 1,
€A ifr <zand

(b) 7r<x>,z = Z Tg,t’ﬂ-to’,z

t'ely; <t/ <z

The following inversion formula (and its proof) is in the same spirit as [KL, 3.1]
(see also [V]).
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Theorem 7.7. For any y,w € L, such that y < w we have

Z H(y)/{(t)P;tpggs,tws = Oy,w-

tel;y<t<w

The last equality is equivalent to

(a> Z K(y>’i(t)7ry,t7r§}ws,tws = 5y,w'

tely<t<w

Let M, ., be the left hand side of (a). When y = w we have M, ,, = 1. Thus, we
may assume that y < w and that M, ,» = 0 for all y’,w’ € I, such that ¢y < w’,
l(w") —I(y") < l(w) —I(y). Using 7.6(a),(b) we have

_ E E O >
My,w - /{(y)/{(t) Ty,$p1’:trwws,x’wspx’ws,tws
tely<t<w z,x'€l;y<e<t<z'<w
_ O
— E /{(y)/i(a:)ry,xrwws’x,wsMI’I/.

z,x' €l y<z<z'<w

The only x, ' which can contribute to the last sum satisfy x = 2’ or z = y, 2’ = w.
Thus

My,w = Z m(y)m(x)mrfuws,st +M wr

z€ly<z<w

(We have used 4.8(a).) Using 7.5 we see that the last sum over x is equal to

"("’(y)’k"’(w> Z mrm,w — 07

zely<z<w

see 4.6(a). Thus we have M, ., = M, ,,. Since M, ., € A_,, this forces M, ,, = 0.
The theorem is proved.

8. A (—u) ANALOGUE OF WEIGHT MULTIPLICITIES?

8.1. In this section we assume that W is an irreducible affine Weyl group. An
element x € W is said to be a translation if its W-conjugacy class is finite. The
set of translations is a normal subgroup 7 of W of finite index. We fix an element
so € S such that, setting K = S — {s¢}, the obvious map Wx — W/T is an
isomorphism. (Such an sy exists.) We assume that * is the automorphism of W
such that  — wxrwg for all z € Wi and y — wry lwg for any y € T (this
automorphism maps sg to sop hence it maps S onto itself). We have K* = K.

Proposition 8.2. If x is an element of W which has maximal length in its
(W, Wg) double coset Q then x* =z~ 1.

Note that To := QN T is a single W-conjugacy class. If y € T then y*~1 =
wrywg € To. Thus w — w*~! maps some element of ) to an element of Q).
Hence it maps 2 onto itself. Since it is length preserving it maps = to itself.
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8.3. Let 2,9 be two (Wk, Wgk)-double cosets in W such that @' < Q. As in
5.1, let dq (resp. dq) be the longest element in Q (resp. ). Let Py, 4, € Z[u]
be the polynomial attached in [KL] to the elements dg, dg of the Coxeter group
W. Let G be a simple adjoint group over C for which W is the associated affine
Weyl group so that 7T is the lattice of weights of a maximal torus of G. Let V be
the (finite dimensional) irreducible rational representation of G whose extremal
weights form the set 7q. Let Ngs o be the multiplicity of a weight in Tq/ in the
representation Vo. Now Py, 4, is the u-analogue (in the sense of [L1]) of the
weight multiplicity No q; in particular, according to [L1], we have

Naro = Py, dqlu=1-

We have the following
Conjecture 8.4. P7 ; (u) = Fiy, a,(—u).

8.5. Now assume that  (resp. @) is the (Wgk, Wk )-double coset that contains
So (resp. the unit element). Let e; < ey < --- < e, be the exponents of Wi
(recall that e; = 1). The following result supports the conjecture in 8.4.

Proposition 8.6. In the setup of 8.5, assume that W is simply laced. We have:
(a) Agy = v ag + (=1)* Y2,y oy (—u) "0 e ag,;
(b) PdQ/,dQ(U) = Zjep,n] us—t; X
(C) PCCZTQ/,dQ (U) = Zje[l,n](_u>ej_ .

We prove (a). It is enough to show that
U—l(dn)aQ + (=1)*n Z (_u)—ejv—l(dg/)aﬂl
J€[Ln]

is fixed by ~ Let H = K N sgKsg. We have H = H* and Wy is contained in the
centralizer of sg. Let 7: Wy — Wpgy be the automorphism y — sqy*sg = y*. We
have do = wg, dg = wgwysowg, [(dg) = 2l(wk) —l(wy ) + 1 and we must show
that

(d) w2 Hwn) =l 4 (_1)en Z (—u) "% 0™ WK gq, is fixed by

jell,n]
Let S =) cw, T= € H. Using 5.10(a) we see that
S(as, + a1) = Ppaq + Pk aqr.
Hence

v 2IS (0™ ag, + ap))

— U_l(wH)PH,*U_2l(wK)+l(wH)_1CEQ + U_l(wK)_lPK’*/U_l(wK)aQ/.
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Since v~ 2(“x)S and v~!(as, + a1) are fixed by , we see that that the left hand
side of the last equality is fixed by ~, hence

,U—l(’wH)PH’*,U—2Z(’LUK)—|—Z(U)H)—1GQ + ,U—l(’wK)—IPK’*,U—l(wK)a/Q/

is fixed by ~ Since 1)_l(““q)PH7>k is fixed by ~and divides Pg ., we see that

U_2l(wK)+l(wH)_1aQ + U_l(wK)+l(wH)_IPK7*P;I}*U_Z(U)K)CEQ/

is fixed by ~ Hence to prove (d) it is enough to show that

U_l(wK)+l(wH)_1PK7*PI_{71*U_l(wK)aQ/ N (_1>en Z (_u>—ejv—l(w;<)aﬂl
J€([1,n]

is fixed by © Now v~ H¥x)aq, is fixed by 7, see 5.11(a). Hence it is enough to show
that
v_l(wK)‘H(wH)_lPK,*PI}}* —(=1)° Z (—u)~% is fixed by ~
J€[1,n]

This is verified by direct computation in each case. This completes the proof of
(a). Now (c) follows from (a) using the equality l[(wxwgsowgk) — l(wg) = 2e,
and the known symmetry property of exponents; (b) follows from [L1].

8.7. In this subsection we assume that Wy is of type Ay with K = {s1,s2}.
Note that s} = so, s5 = s1. We write iyiy... instead of s;,s;, ... (the in-
dices are in {0,1,2}). Let Qi,Q9,Q3,Q4,Q5 be the (Wg, W) double coset of
01210, 0120, 0210,0 and unit element respectively. We have dgo, = 1210120121,
do, = 121012012, do, = 121021021, dg, = 1210121, dg, = 121. A direct compu-
tation shows that

Adg, = v Mag, +ag, + ag, + (1 —u)ag, + (1 — u+ u?)ag,).

This provides further evidence for the conjecture in 8.4.

8.8. In this subsection we assume that K = {s1, s3} with s1s9 of order 4 and with
S0S2 = 8980, Sps1 of order 4. Note that x* = x for all x € W. Let Q4, 5, Q3 be
the (Wg, Wk) double coset of sps180, o and unit element respectively. We have
do, = 1212010212, dg, = 12120121, dg, = 1212 (notation as in 8.7). A direct
computation shows that

Adg, = v %aq, +ag, + (1 +u?)agq,).

This provides further evidence for the conjecture in 8.4.
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9. REDUCTION MODULO 2

9.1. Let Ay = A/2A = (Z/2)[u,u™1], Ay = A/2A = (Z/2)[v,v"!]. We regard
Az as a subring of A, by setting u = v2. Let $2 = £/2); this is naturally
an As-algebra with Ag-basis (T, )zew inherited from $ and with a bar operator
~: $2 — $9 inherited from that $. Let My = Ay ® 4 M = M/2M. This has a
$Ho-module structure and a bar operator ~—: Ms — Ms inherited from M. It has
an Ajs-basis (ay)wer, inherited from M. In this section we give an alternative
construction of the $-module structure on My and its bar operator.

Let H be the free A-module with basis (ty)wew with the unique A-algebra
structure with unit ¢; such that

twtw = tyw if l(ww') = [(w) + [(w") and

(ts +1)(ts —v?) =0 for all s € S.

Let = : H — H be the unique ring involution such that v™t, = v_”t;}l for any
x € Wyn € Z (see [KL]). Let Ho = H/2H; this is naturally an A,-algebra with
As-basis (t;)zew inherited from H and with a bar operator —: Ho — Hs inherited
from that of 7. Let h — h*® be the unique algebra antiautomorphism of H such
that t,, — t,+—1. (It is an involution.)

We have Ho = HLBHY, where HY (resp. HY) is the A-submodule of Hy spanned
by {tw;w € L.} (resp. {ty;w € W —1,}). Let m: Hy — H, be the projection on
the first summand. Note that for ¢’ € Hs we have

(a) &'® = ¢ if and only if & = & + & + €4® where &) € H), &) € Ho.

(b) w(&'*) = m(€).

Lemma 9.2. The map Ha x Hy — Hb, (h,&) = ho& = m(hER®) defines an
Ho-module structure on the abelian group H,.

Let h,h' € Ho, & € H),. We first show that (h+h') o =ho&+ h o& or that
7((h+h)E(h+h)*) = m(hER®)+m (W ER'®). Tt is enough to show that w(hER'#®) =
(W Eh®). This follows from 9.1(b) since (h/ER®)® = hE®h/® = hEh'®.

We next show that (hh')o& = ho(h'of) or that w(hh'¢h/®h®) = 7(hm (W ER'*)h®) |}
Setting & = h/&h/® we see that we must show that 7(h&’h®) = w(hn(£')h®). Set-
ting n = ¢ — 7(¢') we are reduced to showing that 7(hnh®) = 0. Since & € H)
we have ¢® = £, Hence &'® = (W/®*)®E®R'® = W/ER'® so that €% = ¢/, We write
¢ =&+, +&% asin 9.1(a). Then 7(¢') = &) and n = &5 +&45*. We have hnh® =
hELh® + hEL®h® = ¢ 4 ¢* where ¢ = héyh®. Thus 7(hnh®) = 7(¢ + (*) = 0 (see
9.1(b)). Clearly we have 1 o0& = &. The lemma is proved.

9.3. Consider the group isomorphism v : Ho — $o such that v"t,, — u"T,, for
any n € Z,w € W. This is a ring isomorphism satisfying 1(fh) = f2¢(h) for all
f €Ay, h € Hy (we have f2 € Ay). Using now 9.2 we see that:

(a) The map $2 x Hy — Hp, (h,€) = h © & :=w(p~ (h)E(Y" (h)*) defines
an $Ho-module structure on the abelian group Hb.
Note that the $)2-module structure on #H4 given in (a) is compatible with the A-
module structure on H5. Indeed if f € Ay and f’ € A, is such that f'? = f then
f acts in the $)o-module structure in (a) by & — f/Ef' = f/2¢ = f€.
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9.4. Let s € S,w € I,. The equation in this subsection take place in Hs. If
sw = ws* > w we have

Ts Oty = m(tstwtse) = T(tswlse) = T((u — V)tsy + uty) = uty + (v + 1)tsy.-
If sw = ws* < w we have

Ts Oty = m(tstwts) = m(((w— 1)ty + utsy )ts)
= ((u— 1)ty + (u— Dutys +uty) = (u —u — 1)ty + (u? — w)tsy.

If sw # ws* > w we have
Ts © tw — 71—(tstwts*) — 71—(tsws*) — tsws*'
If sw # ws* < w we have

Ts © ty = T(tstwts) = m(((u— 1)ty + Utsy)ts)
= m((u— 1)ty + (u — Dtyer +u(t — Doy + uPtgper ) = (1 — Dty + utgps-.

(We have used that 7(tys«) = 7(tsy) which follows from 9.1(b).) From these
formulas we see that

(a) the isomorphism of Ay-modules HYy — My given by t,, — a, (w € 1,) is
compatible with the $Ho-module structures.

9.5. For w € W we set t,, = Zyew;ygw MU_l(w)_l(y)ty where p, ., € A satisfies
pw,w = 1. For y € W,y £ w we set py ., = 0.

For x,y € W, s € S such that sy > y we have

(1) pa,sy = Psay if sT < z,

(i) pr.sy = psazy + (0 — v V) pyy if sz > 2.

For z,y € W, s € S such that ys > y we have

(iil) po,ys = Pas,y if Ts < x,

(i) pays = Pasy + (v —v " V)py, if x5 > .

Note that (iii),(iv) follow from (i),(ii) using

(V) pajw = Par—1 -1 for any z,w € W.

9.6. If f, f' € A we write f = f’ if f, f’ have the same image under the obvious
ring homomorphism A — A,. We have the following result.

Proposition 9.7. For any y,w € L, we have ry , = py -

Since the formulas 4.2(a),(b) together with ry ; = 6,1 define uniquely r, , for
any z,y € I, and since p, 1 = d,,1 for any z, it is enough to show that the equations
4.2(a),(b) remain valid if each r is replaced by p and each = is replaced by =.

Assume first that sy = ys* >y and = € L,.
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If sz = xs* > x we have

(U + U_l)px,sy - (psr,y(v_l - U) - (u - u_l)px,y)
= (U + U_l)<px,5y — Psz,y — (U - U_l)pryy) = 0.

(The = follows from 9.5(ii).)
If sx = xs* < 2 we have

(0 + 07 a5y = (=202, + Psay(V+071)) = (V07 (Prsy — Psay) =0

(The = follows from 9.5(i).)
If sx # xs* > x we have

(040" )00y = (Psasey + (w—1—u"")psy)
= (+ 0 )psay + (U= 0" )pay — Pswsy — (u—1—u")pyy =
(U - v_l)psx,y — Pz,y + Pszs*,y = Psz,ys* — Pz,y = 0.

(The first, second and third = follow from 9.5(ii),(iv),(iii).)
If sz # xs* < x we have

(v+ U_l)px,sy — =Py + pszsy) = (v + U_l)psr,y — =Py + Pszs*y) =
(U - U_l)psm,y + Px,y — Psxs*,y = Psx,sy — Psxs*,y — Psx,sy — Psx,ys* — 0.
(The first, second and third = follow from 9.5(i),(ii),(iii).)

Next we assume that sy # ys* > y and z € L.
If sx = xs* > x we have

prsyst = (Pszy(VH =) + (u+1—u")p, )

= Poayse + (0= V) prysr = Poay (0T —0) = (Ut 1 —uT s,
= Pay + (0 =V )P ysr = Prsry (0T —0) = (w1 —uT)pyy,
= Pay + (V=0 ) prsey + (V=07 pry — Preey (07 =)
—(u+1-uYp,, =0.

(The first, second and third = follow from 9.5(ii),(iv),(iv).)
If sz = xs* < x we have

Pz,sys* — (pswvy(v + U_l) - pm,y) = Psx,sy — (psm,y(v + U_1> - pm,y) =
Psxz,sy — (psm,y(v - U_l) + px,y) =0,

(The first and second = follow from 9.5(i),(ii.)
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If sx # xs* > x we have

Pasyss — (Psas=y + (U —u"")pgy)

= Pastsy + (V=0 pr sy = pswsmy — (=1 )pay

= psasey + (0 =0 ) ppsey + (0 =0 )psay + (0 =071 2pyy
— Pszsty — (U — U_l)l)x,y =(v— U_l)(/)xs*,y — Pszy)

= (v— U_l) Pas*)*=1y*—1 — psw,y) = (v— U_l)(/)sx,y - psw,y) = 0.

(The first, second, and third = follow from 9.5(iv),(ii),(v).)
If sz # xs* < x we have

Px,sys* — Psxs*,y — Pas*,ys* — Psxs*,y — 0.

(The first and second = follow from 9.5(iii),(i).)
Thus the equations 4.2(a),(b) with each r replaced by p and each = replaced
by = are verified. The proposition is proved.

9.8. We define a group homomorphism B : H) — H, by &€ +— 7(€). From 9.7 we
see that

(a) under the isomorphism 9.4(a) the map B : HYy — HL corresponds to the
map ~: My — M.
We now give an alternative proof of (a). Using 0.2(b) and 9.4(a) we see that it is
enough to show that for any w € I, we have (¢ !,) =T ', ®t,-1 in Hj. Since
1 in 9.3 is a ring isomorphism, we have @b(t;ﬁl) = Tq;_ll hence

T b @Oty =7 (T )t (1T 1))*)
=t ity ()™ = w(t ity atyt) = (bt h) = T(te-),

as required.

9.9. Fory,w € W let P, ., € Z[u] be the polynomials defined in [KL, 1.1]. (When
y £ w we set Py, =0.) We set p, ., = v_l(w)‘H(y)Py,w € A. Note that p, , =1
and py . = 0if y £ w. We have p, ., € A< if y < w and

(1) m = ZyEW;mgygw Tz,yPy,w if < w,

(ii) prr—14p—1 = Pow, if x < w.
We have the following result which, in the special case where W is a Weyl group or

an affine Weyl group, can be deduced from the last sentence in the first paragraph
of [LV].

Theorem 9.10. For any x,w € I, such that x < w we have Pg’w = P, (with
= as in 9.6).
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It is enough to show that 7, ., = ps .. We can assume that < w and that the
result is known when z is replaced by 2’ € I, with z < 2’ < w. Using 9.9(i) and
the definition of 7, ,, we have

pm7w - 71-:E7/l’u = : : Tmaypva - : : pm?ywy7w‘
yeW z<y<w yelz<y<w

Using 9.7 and the induction hypothesis we see that the last sum is = to

Pzow — Tz,w + E Tz, yPy,w — 5 Tx,yPy,w
yeEW;z<y<w yElLx<y<w
= Pzw — Tzw + E Tz,yPy,w-

yeEW yAy*—Lar<y<w

In the last sum the terms corresponding to y and y*~!

mod 2) since

cancel out (after reduction

Tay* 1Pyt w = Tex=1 yPyw =1 = TzyPy,w-

(We use 9.5(v), 9.9(ii).) We see that

pm,w - ’/Tm,w = pm,w - ’/Tm,w-

After reduction mod 2 the right hand side is in v=1(Z/2)[v™1] and the left hand
side is in v(Z/2)[v]; hence both sides are zero in (Z/2)[v,v~!]. This completes the
proof.

9.11. For z,w € I, such that z < w we set P, ,, = (1/2)(Pyw + PJ,), Proy =
(1/2)(Pp,w — PZ,,). From 9.10 we see that P, € Z[u], P, € Z[u].

Conjecture 9.12. We have P,f,, € N[u], P, € N[u].

This is a refinement of the conjecture in [KL] that P, ,, € N[u] for any z < w
in W. In the case where W is a Weyl group or an affine Weyl group, the (refined)
conjecture holds by results of [LV].
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